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1 Association Scheme: Definition and Examples

Definition 1.1: Association scheme

Let X be a finite set and R, C X x X be binary relations for ¢ € {0,1,...,d}. X = (X,{R;}o<i<a) I8
called an association scheme of class d if the conditions (1) to (4) are satisfied. Moreover, an associ-
ation scheme is commutative if the condition (5) satisfied. And an association scheme is symmetric
if the condition (6) satisfied.

(1) Ry ={(z,2): 2 € X};
(2) X><X:R()URlU”-URdWhereRiij:@ifi#j;

(3) For each i € {0,1,...,d}, 'R; = {(y,2) : (z,y) € R;} = R, for some j € {0,1,...,d}. We use
R; to denote tRi;

(4) For each 4,7,k € {0,1,...,d}, the cardinality |{z € X : (z,2) € R;, (2,y) € R;}| is a constant p};
only depending on i, j, k whenever (z,y) € Ry;

(5) pfj = p?i for every 4, j,k € {0,1,...,d};

(6) ‘R; = R; for each i € {0,1,...,d}.

Remark 1.2

If X is a symmetric association scheme, then X is a commutative association scheme.

Proof. For every (z,y) € Ry, we have

Py =|{z€ X :(z,2) € Ri,(2,y) € R;}|
=[{z € X : (2,%) € R, (y,2) € R;}|

_ .k
= Pji-

Now let’s give some examples.



Example 1.3: Association scheme from finite group

Let G be a finite groups. Let G acts on a finite set {2 transitively. For g € G, define g : G — G by
g(x) = a9 for each z € Q. Then G acts on Q x Q by (x,y)? = (29,y9). Let Rg, Ry, ..., Rq be the orbits
of G on Q x Q. Then X = (Q,{R;}o<i<a) is an association scheme.

Proof. Check the conditions (1) to (4) in Definition 1.1.
1) By the transitivity, Ry = {(z, ) : © € Q}.
2) By the definition of orbits, we have (Rg, R1, ..., Rq) form a partition of Q x Q.

(
(
(
(4

)
3) By the definition of orbits, we can check 'R; is also an orbit, for all i € {0,1,...,d}.
) Suppose (z1,y1), (z2,y2) € Ri. Since Ry is a G-orbit, there exists g € G such that
(22,92) = (21,91)? = (21, 97).
It follows that for all 4,5 € {0,1,...,d},
z1€{z2€Q:(x1,2) € R;,(2,y1) € R;}

if and only if
2 €e{z€Q:(x2,2) € Ri,(2,y2) € R;}.

Hence pfj’s only depends on i, j, k but not on the choice of (z,y) € Ry.

Exercise 1

Let Dyg be the dihedral group of order 10. Note that D;y acts on the pentagon transitively. Let X
be the association scheme obtained from Dy in the way of Example 1.3. Calculate all pfj’s of the
association scheme X.

Example 1.4: Hamming association scheme

Let F be a finite set with the cardinality |F| = ¢ > 2. Define X := F¢ = F x --- x F with |X| = ¢%.
Let ¢ = (21,,...,2q) and y = (y1,, .., Y4) be two point in X, the Hamming distance between = and
y is defined to be the number of positions in which they differ, that is,

d(x,y) = {7 : z; # y;}]-

Define R; € X x X to be
R, ={(z,y) € X x X : d(x,y) = i}.

for all i € {0,1,...,d}. Then X = (X, {R;}o<i<a) is an association scheme. It is called the Hamming
association scheme, denoted by H(d, q).

d

——~
Proof. Let S, be the symmetric group on F. Define S by S := (S,)? =S, x --- x S, with |S| = (¢!)¢, that
is,
S={oc=(01,...,04):0,€ 84,1 €{1,...,d}}.

The group S acts on X by

27 = (x1,...,2q)7 = (27", ..., 25%)



for z € X and o € S. Let Sy be the symmetric group on {1,...,d}. The group Sy acts on X by
2T = (z1,...,2q)" = (171, ..., Tara)

forx € X and 7 € Sy.

Note that S, Sy are the subgroups of the symmetric group on X, denoted by Sx. For each z € X,
a7 0T = (7" ) and then 77107 = (017,...,04-) € S. Then S; normalizes S. Hence SSy; is a
subgroup of Sx on X. Actually, 5SS is usually called the wreath product S;!S;. The order of S, 1.5y is
d!(¢")?. By the transitivity of S, we obtain the transitivity of S, Ss. We can check that Ry,..., Ry are all

orbits of S, 1.S4. By Example 1.3, X = (X, {R; }o<i<d) becomes an association scheme. O

(o ka
yeees Ty

Note that Hamming association scheme is symmetric and then commutative. But calculating all the pfjs
of H(d,q) is a bit complicated.

Exercise 2

(1) Calculate all the pfj’s of H(2,4).

(2) Calculate all the pfj’s of H(2,q).

Example 1.5: Johnson association scheme

Let V be a finite set with the cardinality |V| = v. Let X be the set of all the d-elements subsets of V'
defined by

X = <Z>:{xCV:|x|:d}.

Define R; = {(z,y) € X x X : |z Ny| =d—i} for i € {1,...,d}. Then X = (X,{R;}o<iga) is an
association scheme. It is called the Johnson association scheme, denoted by J(v,d).

Proof. The group G = S, acts on X = (g) transitively. Then R;’s are the orbits of G on X x X. It leads

to X an association scheme. O

Exercise 3

(1) Calculate all the p¥.’s of J(5,2).
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(2) Calculate all the pfj’s of J(v,2).

Example 1.6: Group association scheme

Let G be a finite group. Let {1} = Cp, C4,. .., Cy be all the conjugacy classes of G. For i € {0,1,...,d},
define R; by R; = {(z,y) € G x G : y~lz € C;}. Then X(G) = (G,{R;}o<i<a) is a commutative
association scheme. It is called the group association scheme of G.

Proof. The group G x G acts on G as follows: z(9") = g=1zh for (g,h) € G x G and = € G. Then G x G
acts on G transitively.

Claim

Each R; is an orbit of G x G on G'x G by the definition that (z,y)9" = (29" 4@r)) = (g=1zh, g~ 1yh)
for (z,y),(g,h) € G x G.




Proof of Claim. On the one hand, note that (x,y) € R; is equivalent to y 'z € C;. Since
(g 'yh) (g 'ah) =7y lgg lah = b7y lah € G

1

for y~ o € C}, we conclude that

(I7 y)(g,h) € RZ

for each (z,y) € R;. Then each R; is G x G-invariant.
On the other hand, suppose (z1,%1), (z2,92) € R;, then there exists h € G, such that h=!(y; 'x1)h =
y;lxg. It follows that xgh_l(xflyl)h =1ys. Set g = xlhxgl.

(z1,91) 9™ = (g7 wh, g~ yh)
= ((w1hay ) wrh, (wrhay ) " yih)
= ((woh™ ay zrh, (xah ™ a7 yrh = (22, 12).
This shows that G x G acts on C; transitively for all 7 € {0,1,...,d} and completes the proof. O

By Example 1.3, X(G) = (G, {R; }o<i<d) becomes an association scheme. For commutativity, we show it
as follows. For (x,y) € Ry, note that

{€G:(2,2) €ERi,(z,y) ER}={2€G 272 € Ciy '2 € Oy}
=2C;tn yCj = y(y txC N Cj).
If we set y 'z = a € C, then pfj = |aC;1 N Cj|. Note that aCja~! = C}, we have

pfj = |aCj_1 NG|l = \C'jcfl ﬁCi_l| = |aC'j<f1 ﬂaC’i_1| = |aC’i_1 ayen :pfi.

Question 1.1

Given a finite group G, in particular, a simple group. We have known that X(G) is a commutative
association scheme. We can also calculate all the pfj’s (this will discuss in the following lecture). Can
X(G) be shown to be a unique association scheme with the given parameters pfj’s of X(G)? If not, can
you determine all the association schemes with the same pfj’s on X(G)?

There are several results.
e G = As5. X(G) is unique with the parameter pf;’s of X(As) [ ]
e G =PSL(2,7). |G| = 168 and X(PSL(2,7)) is unique with the parameter pf;’s of X(PSL(2,7))] ]

Problem is open for any other finite simple groups, such as A4,, and PSL(2,q).
Is G — X(G) an one to one corresponding between the set of finite groups and the set of group association
schemes. There is a counter example.

Example 1.7

=~

Denote the dihedral group of order 8 by Dg and the quaternion group of order 8 by Qs. Then X(Dsg)
X(Qs)

Can we find two different simple group G1, G2 with X(G1) = X(G2)? If we use the classification of finite
simple groups, then one can prove that there are no such G; and G5 by calculate the pfj’s of X¥(G;) and
X(Gs2). But can we prove this directly, i.e., without using the classification of finite simple groups?



Example 1.8: Shrikhande graph

Let X be the set of vertices of the Shrikhande graph. Define Ry = {(z,z) : z € X}, Ry = {(z,y) : «
and y is joined by an edge } and Ry = {(z,y) : = and y is not joined by an edge }. Then X =
(X,{Ro, R1,R2}) is an association scheme with 16 vertices.

But X can not come from a finite group G acting on X. Otherwise, Ry, Ry, Ro are all the orbits of
a group G acting on X x X. Since R; is an orbit, (x,y) € R; after acted by g € G is still in Ry, that
is, the acting of G keep the edges preserved. For instance, (1,7),(1,11) € Ry are in the same orbits,
which satisfy (1,7) = (1,11)9 for an existing ¢g in G. Note that the common neighbors of 1,7 are 2 and
6 while the common neighbors of 1,11 are 6 and 16. We can never find an action to transform two
isolated vertex pair (6,16) € Ry to an edge (2,6) € R;. Contradiction.

The graph defined on (X, Ry) of H(2,4) = L4 has the same vertex set as the above X. It has shown
that it can come from a finite group. These two association schemes have the same parameters but not
isomorphic.

Example 1.9: Cyclotomic association scheme[BM90]

Assume that ¢ is a prime number and (¢ — 1) = rd. Let GF(q) be a finite field with ¢ elements. Then
GF(q)* := GF(q)\{0} is a cyclic group of order ¢ — 1. Let w be a generator of GF(q)*. Denote the
subgroup of order r of GF(q)* by H, =< w? > and the cosets by Cy = {0}, C; = w' " H, for 1 < i < d.
Define X = GF(q) and R; = {(z,y) e X x X : x —y € C;} for 0 < i < d. Then (GF(q),{R;}o<i<d) is
a commutative association scheme. It is called the cyclotomic association scheme.

Proof. Let G be a set of maps from X to X defined by G := {0 : 0(z) = ax + b,a € H,,b € GF(q)}. Then
G form a group under composition and acts transitively on GF(q) as 27 = o(x). Each R; becomes an orbit
of G acting on GF'(q) x GF(q). Since for every(z,y) € R; and every o0 € G, y° — 2 = a(y — =) € C; while
y—x € C;and a € H,, so (z7,y7) € R;. By Example 1.3, X = (GF(q), {R:}o<i<d) becomes an association
scheme.

For commutativity, we show it as follows. For (z,y) € Ry, i.e., x—y € Cj, note that |Y| = [-Y| = [Y 4]
for every set Y, we have

pfj ={z:x—2€Ciz—yeC}=[(-Ci+z)Nn(C; +y),
then

—Cj+x)ﬂ(Ci+y)
Cj—z)n( Y
Y

pfi (

(C5 - —Ci—y)
(Ci+y)N(—=C; +x)
( C; +

\
\
\
—Ci+ )N (C; +y) prg*



Remark 1.10: Classification of association scheme of small sizes.

There are several results on classification of association scheme of small sizes.

e Izumi Miyamoto and Akihide Hanaki classify all the association schemes with | X| < 30:

http://math.shinshu-u.ac.jp/ hanaki/as/.

e Other reference see | ]. In particular, the association schemes with |X| = 35, 36, 37, 39, 40
are still open problems.

2 Bose-Mesner Algebra

Let X be a finite set and R; C X x X be binary relations for i € {0,1,...,d}. The matrix A; is in RX*X
whose rows and columns are parameterized by X. Define the entry of A; by

1 if (z,y) € Ry,
0 otherwise.

(Ai)ay = Ai(z,y) = {

We call A; the adjacency matrices for R;. The following conditions are equivalent to the conditions
in Definition 1.1 :

(1) Ag = I, where [ is the identity matrix;

(2") Ag+ A1+ -+ Ag = J where J is the all one matrix;

(3") 'A; = Ay for some j' =i € {0,1,...,d};

(4") foralli,j € {0,1,...,d} there exist non-negative integers pfj where k € {0,1,...,d} such that A;A; =

ZZ:O pfjAl%
(5/) AZ'A]‘ = A]Al for every Z,] S {0, 1, ey d},
(6") 'A; = A, for each i € {0,1,...,d}.

Remark 2.1

Suppose that Ao, ..., Ag, all the {0, 1} —matrices in Mx|(C), satisfy (1") to (4'). Then by defining
R; = {(:c,y) EXXxX: Az(xay) - 1}

We get an association scheme (X, {R;}o<i<d)-



http://math.shinshu-u.ac.jp/~hanaki/as/

Definition 2.2: Bose-Mesner Algebra

Let Ay, Aq,...,Aq be the adjacency matrices of an association scheme (X, {R;}o<i<a). Define the
Bose-Mesner Algebra 2 by

d
A={D) a;A;: a; € C} C Mx|(C),
=0

where Mx|(C) is the |X| by |X| matrix algebra over field C. Since A;A; = ZZ:O Pl Ak, 2 is closed
under ordinary matrix multiplication. The Hadamard multiplication between two matrices A =
(aij)i<ij<)x) and B = (bij)1<i,j<|x) is defined by

Ao B = (aibij)i<ij<x)-

Note that A; 0 A; = 9;;A;, then 2 is closed under Hadamard multiplication.

Lemma 2.3

Let 90 be a linear subspace of Mx|(C). Suppose that 91 is closed under Hadamard product. Then 9
has a basis Ao, oo .,Ad with Az () Aj = 61‘in for 0 < Z,] < d.

Proof. Let M = (msj)ogij<a € 9. List the non-zero numbers which appear in M as §i,...,0,, ie,
{Bi,..., B} = {msj :m;; # 0,0 < i,j < d} with py,..., [, distinct. For each i € {1,...,r}, write

1 if M(x,y) = Bi,
0 otherwise.

MO (z,y) = {

J
. — N s ] L
Define M° =M o---o M. Then M =37 B/ M. Since

B B2 o B
Bt B o B
. . . 7&0’
By By e B

each M is a linear combination of M, M°2 ... M°" fori € {1,...,r}. In particular, M € 9.

Let By, ..., Bg be a basis of 9. For each Bj, construct Bj(l), ceey B;Tj). Then B]@ € M and B; is written
as a linear combination of Bj(l), . .,Bj(rj). So {Bj@ :1<i<r;,0<j<d}span M.

Therefore, we can choose a basis Ag,...,Agq of M such that A; is a zero-one matrix for each ¢ €
{0,1,...,d}. Suppose A;0A; # 0 for i # j. Then define C; = A;0A; and Cy = A; —C1. If necessary, change
i and j, and assume that Cy # 0,Cy # 0. Since Cy,Cy € M, {Ag, A1,...,Ai—1,C1,Co, Aiy1,..., Aq} span
M. Then we can choose a basis removing one element from this set. By this way, we can reduce the total
number of 1’s appearing in the basis elements. Repeating this reduction, we reach the desired basis. O

We use I to denote the identity matrix and J to denote the all one matrix.



Lemma 2.4

Let 9 be a subspace of Mx|(C) and let 9 be closed under Hadamard product and ordinary matrix
product. Moreover, suppose the following conditions hold:

(I) If M € M, then ‘M € M;
(IT) For each M € 9M, there exists a constant a(M, I), such that M o I = «(M,I)I;
(IIT) I,.J € M.

Then there exists a set of {0, 1}-matrices Ay, ..., Ay form a basis of 91 satisfying the conditions (1)
to (4).

Proof. By Lemma 2.3, 9 has a basis Ay, ..., Aq of {0, 1}-matrices with 4; o A; = §;;4;. Check the (1')
to (47):

(1) Since I e M, I = Z?:o a;A;. Since [ol =1, 1ol = Z?:o a?A; =1, i.e., a? = a;, then we have either
a; =0 or a; = 1. By the condition (II), a(A;,I)I = A;j oI = A;, then there exist j such that A; = I.
By changing the order, we may assume that Ag = I.

(2) Let J = 20 (biA;. Then A; = Ajo0J = N0 bi(Aj0 A) = X0 0i(6i;4:) = biA;, for all j €
{1,...,d}. Hence bg = by = --- = bg = 1. It satisfies that J = Ay +--- + Ag.

(3') Since 'J = J and Ag + --- + Ay = "Ag + --- + 'Ay, then 'A; is a sum of Ay,..., Ay. Note that
A, tAj = t(AiAj) = 0;j ‘A;. Then there exists an one-to-one correspondence such that ‘A; = A; for
je{0,1,....d.

(4") By the assumption, 91 is closed under ordinary multiplication, that is, A;A; € M, A;A; = ZZ:O pfj Ag.
O

For further discuss, we need to introduce some notations. Let X = (X,{R;}ogi<d) be a commutative
association scheme. For each z € X, we define I';(z) :={z € X : (z,2) € R;} and Ty (z) :={z € X : (z,2) €
R;}. For all (x,y) € Ry, note that [I's(x) T (y)| = pf;. We define the valency of the relation R; to be the
non-negative integer k; := pY,,. By the definition, for every x € X we have (z,2) € R; < (2,2) € Ry. Hence
ki = |Li(x)].

Proposition 2.5

Let X be a commutative association scheme, we have
(1) ko =1;
(2) ki = ku;
(3) |X|=ko+ -+ Ekq.

Proof. (1) ko =1To(x)| ={z € X : (z,2) € Ro}| = 1.
(2) By the commutativity, k; = p%, = pl, = k.
(3) Take x € X. Since X x X = RyU---U Ry, then

d
x| = [ U Ti@)] = ko + -+ ka.
1=0



Proposition 2.6

Given a commutative association scheme X = (X, {R; }o<i<d), we have
(1) ply = dix;
(2) P’Sj = 0jk;
(3) py; = kidijrs
(4) p?j = pf/,j/;
(5) Z?:op?j = ki
(6) keply = kyplg = Kivlys

d d
(7) Ya 0 PEPhe = Y50 Philh;-

Proof. (1) For all (z,y) € Ry, we have pk = [{z € X : (z,2) € R;, (2,y) € Ro}| = dir.
(2) For all (x,y) € R, we have pf; = [{z € X : (z,2) € R, (2,y) € R;}| = 0.
(3) Take (x,z) € Ry, we have p{; = [{z € X : (x,2) € Ry, (z,2) € R;}| and T';j(z) = {z € X : (2,2) € R;}.

Hence py; = |T(x)|055: = kidijr.
k K’
z z

pfj =Nz:(z,2) € Ry, (2,y) € R;}|

(4) By definition, we have

and )
P =z (2.2) € Ry, (¥, 7)) € R},

where (z,y) € Ry and (y',2') € Ri. Hence pfj = p?,/i,. By the commutativity, pfj = pflli, = pf,j,.

(5) Take (x,y) € Ry. Note that I';(z) = U?:o (Ti(z) NT;(y)). And then k; = Z?ZO pfj.

(6) Count the number of (z,y, z) € X3 which satisfies the relations in the following figure:
z
SN
!

{(z,y,z) i (x,y) € Ry, (z,2) € Ry, (2,y) € Rj}
:U U {(z,y,2): (z,2) € R, (2,y) € R;}

z€EX yel'y(x)

:U U {(z,y,2): (z,2) € Ryr, (z,y) € Re}

2€X yel';(z)

=U U {@w2: @y e Ry e Ry}

r€X z€Tl;(z)

T Y

‘We have

Then |X|klp§j = \X|k:jpg,l = |X|kiplij,, it follows that klpﬁj = jpg,l = kipfj,.

10



(7) Fix (x,y) € Ry, count the number of (z, w) which satisfies the relations in the following figure:

We have

{(z;w) : (z,w) € R, (x,2) € Ry, (w,y) € Rj}
d

U U {ew:Guehmyen)

a=0 zeTy ()N (y)

=0
d

U {(z,w) : (z,2) € Ri, (z,w) € R; }
=0

B=0weTg(z)NT,;/ (y)

d d
It follows that %o pph, = S50 pipl;-

Lemma 2.7

Let 9t € Mx|(C) be a vector space. Suppose 91 is closed under ordinary matrix multiplication and 9t
is commutative. Furthermore, we suppose that

(1) M eM = M, M c M
(2) For any M € 9, there exists a fixed real number «(M, J) such that JM = a(M, J)J;
(3) I,J € M.

Then there exists a basis Fo(= ‘71|J ), E1, ..., E4 satisfying the following 3 conditions:

(1") X[ Eo = J;

(2") Eo+E1+---+Eg=1,E,E; =6;;E;

(3") For each i € {0,1,...,d}, *E; = F; for some i € {0,1,...,d}.

Proof. For any M € 91, we have MM = 'MM . So M is a normal matrix, thus 997 has a basis consisting

of normal matrices, which are mutually commutative. From linear algebra, we know that they can be
diagonalized by unitary matrix simultaneously. That is to say, there exists a unitary matrix U such that

UMU are all diagonal matrices. Among diagonal matrices, ordinary matrix multiplication and Hadamard
multiplication are the same. So U MU is closed under Hadamard multiplication. By Lemma 2.3, there is
a basis Ag, A1,...,Aqg with A; o Aj = 6;;A;. We define E; to be UAi%, then Ey, E1,..., E4 is a basis of I
and E;E; = 6;;F;. Let J = |X| Z;‘l:o ajE;. Since J? = |X|J = |X\22?ZO ajE; and also J? = S a2E;.

=0 "j"7

Compare the coefficients, we have a; = a?, ie., a; = 0 or 1. Suppose a; # 0 (there is at least one such j),

J b
then
d

|X|E; = JE; = a(J, E;)J = o(J, E;) |X] Y a;E;.
=0

11



Hence J = |X|E; for some j. By changing the ordering of Ey, E1,..., E4, we may assume j = 0, i.e.,
Ey = ﬁJ. Then (1”) followss Suppose I = Z?:o bjE;, then I = I? = Z?:o b3E;. Thus by = 0 or 1. In
fact by = by = --- = bg = 1. Otherwise, say b; = 0, then we have E; = IE; = 0EF; = 0, contradiction. Note
that

Eo+Ei+ - +Ej=I=1T="Ey+ "By +--+ "By
and (tEi)(tEj) = 5ij(tEZ-). Since each ‘E; is a linear combination of Ey, E1, ..., Eq, so 'E; = E; for some
i € {0,1,...,d}. Hence we obtain (2”) and (3") O

Let X = (X, {R;}ogi<a) be a commutative association scheme, and Ay, A;,..., Ay be the adjacency
matrices of the relations respectively. The Bose-Mesner algebra 2{ is nothing but the algebra spanned by
these matrices.

Lemma 2.7 implies that there exists another basis Fy, E1, ..., Eq of A such that I = Ey+ FE,+-- -+ E4 and
E;E; = 6;;E;. These E;’s are called primitive idempotents. Since 2 is closed under Hadamard multiplication,
we have the followings:

(4") E;oE; = ﬁ Z;l:o quEk where qu € C. These qu’s are called Krein parameters;

(5//) Ez o E] = Ej o Ei~

Remark 2.8

For unique i € {0,...,d}, E; = 'E; = E:.

K2

Proof. Note that 'A; € A and 4; = A; € 2, so E € 2 and (E) (E) = 5”-@. Let V = C X considered

as column vectors. For any 0 # u € V; := E;V, we have
0 # (u,u) = (Esu, Bru) = () (Bw) = 'w'EBru = (u, "E; Eyu)

where (,) is the usual inner product. So EEZ #£0, thus F; = 'E;. O

3 The Character Table of Commutative Association Scheme

Let X = (X, {R;}ogi<a) be a commutative association scheme and V = CX identified with the space of
column vectors. We have I = Eg + By + -+ Eg and B E; = §;;E;. Then V =V, L Vi L --- L V; where
V; = E;V. In particular, By = ﬁj. For any M € 9, we have ME; = (constant)E;, so each subspace
Vi = E;V is a common eigenspace of 2. Let P;(j) € C be the scalar of A; € A on V}, i.e.,

d
A= Zpi(j)Eja (1)
§=0
for each i € {0,1,...,d}. The matrix
P = (Pj(i))ogi,jgd = (Py)

is called the character table or the first eigenmatrix of X. Similarly, we have
1
E; = mZQz(])AJ (2)
=0
The matrix

Q= (Qj(i))ogi,jgd = (Qi5)

is called the second eigenmatrix of X. They satisfy the obvious identity

PQ=QP=|X[I 3)

12



Proposition 3.1

Let m; = dim V; = rank E;, then we have the following identities:

| X| i=0;
1) tr(4;) =
(1) tr(4) {O otherwise;
(2) JAz = AZJ e /CzJ,

(3) tr(E;) = m;.

Proof. (1) Because Ag = I and A;(z,z) = 0 for any 7 # 0.

(2) (JA) (z,y) =D ex J(2,2)Ai(2,y) = D .ex Ailz,y) = {21 (2,9) € Ri}| = k.

(3) Since EZ2 = E;, the eigenvalue of E; is 0 or 1. Diagonalize E; and we have tr(E;) = rank E; = m;. O
Proposition 3.2
For every ¢ € {0,1,...,d}, we have the followings:
(1) Po(i) =1;
(2) Pi(0) = ks;
(3) Qo) =1L
(4) Qi(0) =m;
P?”OOf. (1) AQ:I=E0+E1++EC[
(2) By Proposition 3.1, we have EgA; = ﬁJAi = ﬁkij = k;Ey. By Eq. (1), we have EgA; =
Ey Z?:o P,(j)E; = P;(0)Ey. Hence P;(0) = k; for each i.
(3) Compare Ey = ﬁJ = ‘71|(A0 + A+ -+ Ay) with By = Z?:o Qo())A;.
(4) By Proposition 3.1, we have m; = tr(E;). By Eq. (1), we have ﬁ Z?:o Qi(j)tr(A;) -

13



Theorem 3.3

Let X be a commutative association scheme, we have
(1) Pr(4) = Pi(5);
(2) @;(4) = Qs(4);

3) Q;l(j) _ Pz(j)7
a 1 R |X|

(4) >0 ?Pv(i)Pv( j) = 5” (the first orthogonal relation);
%

(5) 3¢ myPi(7)P;(7) = 6;; |X| ki (the second orthogonal relation);
(6) Pi(O)P;(£) = 5o Pl Pr(0);
(7) Qi(OQ5(0) = Xi_o 45 Qu(0);
(8) Pi(i)Q;(6) = Limo 5, Q5 (k).

Proof. (1) Ay ="A; = '"A; = ¥ Bi(j) 'E; = X5 P(1) Ej. So Py (j) = Bi(j).

()WZMQUA—%=E=E=ﬁZiQUA&W()®m~

ZZAOE x,y) ZZ Ej(z,y))

rzeX yeX rzeX yeX

= Y (B4 (. 2)

rzeX
= tr(E;Ay)
= (P () E)
= Py (j)m; = mJW

while Y~ <|X|QJ ) kiQ;(0).

reX yeX

(4) Calculate the (7, j)-entry of PQ = |X|I, then use (3):

d
X105 = P())Qj(v) = D>_ Py(1) 72 Pi(7).
=0 v
(5) Calculate the (4, j)-entry of QP = |X| I, then use (3):

d d
X185 = - QP () = Y TR ()
=0 !

v=0

Apply Conjugation on both sides.

(6) Compare

d d
AA—ZEMW§]%Zﬂ 0= 2 PP (OB
k=0 (=

£=0 k=0

14



with

(7) Compare

d d 1 d d d
E,oE rE ! 14 kQLO)A
; ‘X“;Oqj i ‘X|kZOqJ|X|;Qk() y |X|2;’;Oqjczk<) ,
with
1 d 1 d 1 d
E; o B, (X wa) 0 (ZQj<k>Ak> = —3 ) _QiQ;(0 A
X1 Xi= X" =
(8) Compare
1 d 1 d d 1 d d
AEj = Ai > Qu(OAr = =7 D> Qi) D_winAe = 57 D D> piQi (k) Ae
X1= Xli= prd 4 frarfrard
with
1 & 1 &
AiBj = F()E; = Bi() 5 > QA = i > Pi(5)Q;(0)A,
k=0 £=0

Theorem 3.4

Let X be a commutative association scheme, then we have:

(1 ng - HTS?TJ Z k2 "/ (f)
kik; o 1

(2) Pij |X| Z EQ’Y(’L)Q’Y(])Q’Y(K)
y=0 "7
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Proof. (1) Consider the trace of ‘Tlqung = (E; o E;)E;.

1
LHS = q” my

| X
RHS = tr((E; o Ej)E;) = Y ((Ei o Ej)Ey)(x, x)
xeX
=YY Ei(x,y)E;(z,y)E(y, v)
reX yex
=D Y (EioEjo 'Ey)(,y)
reX yeX
=ZZ< QZQ <>Aw<x,y>>
reX yEX |X|
k’Y
| X|2 ZQ Qi)
m] Mi——
|X|2 Z k) Py(j)—— k) Py (O)k,
mim;my 41 e
=7|X|2 Z:%FAQVP’Y(Z)P’Y(.])P’Y(@'

Compare the LHS and RHS, we only need to show that qu € R (in fact qu > 0).

So qu eR.

16



(2) Calculate the sum of the entries of pfjAl = (4;4)) 0 Ay

LHS = | X| p};ke
RHS = )~ ) " ((4i4)) 0 Af) (2,y)

rzeX yeX

= Z Z (AZA])($7 y) tAK (y7 LU)

reX yeX
= tr(A;A; Ap)

(ZP V)P (7) By )
d
Z ¥) Per (v)m

k

Q1)@ (1)@ (0)

1
k=0

Since LHS is real, we apply conjugation on both sides.

Proposition 3.5

Krein parameters q ’s satisfy the following relations:
(1) Q(])cj = 0jk;
(2) gl = dir
(3) Q?j = 51-37711';
kE _ k.
(4) %5 = 435
k k .
(5) ijo Q35 = Mi;

(6) migly = m;q), =miq;5;

d d
(7) S o aSdte = Xh 0 4esds-

17



3)

d
qf; = tr (af;Eo) = tr <Z qZ—EkEo> = |X| tr ((E; o E;)Eo)
k=0

= X)) (EioE))(z,y)Eo(y, )

rzeX yeX

=D D (EioE))(z,y)

rzeX yeX
= tr(E; 'E;) = tr(EiE;) = tr(0,; E;)

(4) Take the transpose of E; o E; = ﬁ Zj’l:o quEk
(5) Take the sum of E; o E; = |71| Zj:o quEk over j, then

LHS = Ez O AO

1 d
- <X|ZQ1-(1)AI> o Ay
=0
1

= m@i(o)x‘lo

d

1

k=0

1 d
S
k=0

1 d d
RHS = 57 > dEr.

k=0 j=0

(7) Note that Ej o (E; o Ej) = (Ey o E;) o E;, we have

d d d
1 1
LHS=E;o <AX| E qiaan) = W E E qgjqﬁaEZ
a=0

=0 a=0
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and

;A d
m Z%@Eﬁ o Ej = |X|2 Z Z kzqﬁj 0
B=0 =

Theorem 3.6: Krein condition

a > 0.

Proof. E; and E; are non-negative definite Hermitian matrices, so F; ® E; is also non-negative definite. Note
that Ej; o EJ; is a principal minor of F; ® F;, thus it is also a non-negative definite Hermitian matrix. So the
eigenvalue qu of E; o E; is non-negative. O

Remark 3.7

X is a symmetric association scheme if and only if P;(i) € R for any 4,j € {0,1,...,d}.

Proof. “="

Since i = 4, we have P;(j) = Py(j) = P;(j). Hence P;(i) € R.
“@77

Suppose P;(i) € R for any i,j € {0,1,...,d} and suppose ‘R; = Ry where s # s'. Since Py (j) =
P,(j) = Ps(j), by the second orthogonal relation we have

075me (7) = 05 | X| ks = 0.
Contradiction. O

Question 3.1

For any commutative association scheme, are all values of P;(7) in a cyclotomic number field? (Note
that P;(i)’s are algebraic integers).

Theorem 3.8: | ]

QP ) NEIG0N
Q((d)) QZ(G 1( Q () >>

How to find P and @ from pfj’s?

Definition 3.9: Intersection matrices

B; = (pfj)ogj,kgd' Equivalently B;(j, k) = p};. These (d+1) x (d+1) matrices are called intersection
matrices.

Theorem 3.10

Let 2 = (Ap, Ay,...,Aq) be the Bose-Mesner algebra. Then the map A; — B;,i € {0,1,...,d} gives
an algebra isomorphism from A to B = (By, Bi, ..., Bg) C Mg41(C).
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Proof. For each M € 2, let Ly € End(2) be the map defined by Ly (N) = MN, for all N € . Let p(M)
be the matrix representation of M with resepect to the basis Ag, Ay,...,Aq. p: A —= My41(C)

(MA07MA17"'7MAd) = (A07A1a"'aAd)p(M>‘

This map is called the left regular representation of 2. p(M) =0 = Ly(N) =0, forall N € . In
particular Ly (I) = MI =0 = M =0. So p is injective. Since A;4; = ZZ:O pfjAk, we have

(MA07MA17"'7MA(1) = (A()aAla"'aAd)tBia

ie., p(A;) = 'B;. So A; — B; = (p(A;)) gives an algebra isomorphism from 2 to 3. O

Remark 3.11

The minimum polynomial of A; and the minimum polynomial of B; are the same.

We also have Krein parameters ¢; which satisfy (|X|E;) o (| X| E;) = EZ:O a5 (I1X| Eg).

Definition 3.12

By ZZ(ij)ogj,kgw Equivalently B} (j,k) = qu These matrices are called dual intersection matrices.
They generate an algebra B* = (B}, B, ..., B}).

Theorem 3.13

The map |X| E; — B} gives an algebra isomorphism from 2(° to B* where 2° is the algebra with the
Hadamard multiplication.

Proof. For each M € A = 2°, define L}, € End(A°) by L3;(N) = M o N for VN € A. Take a basis
|X| Eo, | X| Ex,...,|X| Eq4, and represent L}, as a matrix representation using this basis:

(M o (|X| Eo), M o (|X] Ey), ..., Mo (|X] Eq)) = (IX| Eo, |X| B, ..., | X| Eq)p"(M)

Since (|X|E;) o (|X|E;) = EizoquﬂX\Ek), we have p*(|X|E;) = 'Bf. Note that p*(M) = 0 =
L3/(N) = 0,VYN € . In particular Lyy(J) = MoJ =0 = M = 0. So p* is faithful. Since 2° is
commutative, the map | X| E; — B* = (p*(|X|)E;) gives an algebra isomorphism from 2° to B*. O

Proposition 3.14

(1) P'B;P~" = diag(P;(0), Pi(1),. .., Pi(d));
(2) @By Q' = diag(Q:(0), Qi(1),...,Qi(d)).

Proof. (1) By Theorem 3.3(6)

(diag(Fi(0), Pi(1), ..., Pi(d))P)(7, )

i.c., diag(P,(0), P;(1), ..., P;(d))P = P'B,
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(2) By Theorem 3.3(7)

(diag(Q:(0), Qi(1), ..., Qi(d)Q) (v, )
ZQz‘(V)Qg‘(W)

d
ZZQZQkW)
k=0
=(Q'B})(7,);
ie., diag(Qi(0),Q:(1),...,Q:(d)Q = Q'B; =

Remark 3.15

Let X be any commutative association scheme, we can compute P, @, pfj, qu from any one of these four
collection of parameters.

Now we consider the case of group association schemes. Let G be any finite group, X(G) = (G, {R; }o<i<d)
be the group association scheme. Suppose the conjugacy classes are Cy,C1,...,Cy and xo, X1,---, Xd are
the irreducible characters of G. We have the character table T' = (xi(C}))y; j<q4- Furthermore, we have
fi=xi(1) and k; = |C;]. Then the character table of the finite group G and the first eigenmatrix of X are
related as follows:

P=diag (fo ' fi's.. £ h) T diag (ko, kas - - . ka) -

Remark 3.16: Fusion algebra

Bose-Mesner algebra (character algebra) is related to fusion algebra in physics (conformal field theory).
There is a Verlinde’s formula in physics. What does it correspond to in Bose-Mesner algebra? P;(j)
and pic J? [ ’ ’ ]

4 Terwilliger Algebra (Subconstituent Algebra)

For a commutative association scheme X = (X, {R;}o<i<a), we have the Bose-Mesner algebra
A= (A, A1,...,Aq) = (Fo, E1, ..., Ey).

Now we fix an element zo € X, we will define an algebra T' = T'(z¢) = (%, 2*) C M|x|(C).

Let V = CX = C* considered as column space. We consider T';(zg) :={z € X : (z0,z) € R;} and define
Vi :==CT;(x¢) to be the space spanned by I';(zg) C X. So dimV;* = k; = |I';(xo)|. Naturally we have
V=V LV L.« LV} Let Ef : V — V;* be the orthogonal projection from V' to V;*, that is

3

1 if x =y and (zo,z) € Ry;
0 otherwise.

So E;E; = 6;;Ef and I = Ej + Ef + -+ + E}j. We define

then A} are diagonal matrices. If (zg,z) € R, then

d

Af(z,2) = Y Qi) E(x,2) = Qi(a) = |X| Ei(wo, ). ()

=0
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Proposition 4.1

* d © *
(1) Ef = ﬁZj:oPi(J)Aj;

% A% d *
(2) A; Ar = > k=0 qzijk;
(3) Q:(0),Q;(1),...,Q;(d) are the eigenvalues of A?.

Proof. (1) We multiply P from the right on both sides of (Aj, AY,..., A) = (E§, Ef,...,E;)Q. The
formula follows since QP = I.
(2) Note that Af,A; and A} A;+ are diagonal matrices. By Eq. (5),
(A 45) (2, 2) = A} (2,2) 43 (2, 7)
= |X| Ei(xo, ) | X| Ej(x0, )
= (X Eq) o (IX] Ej)) (o, )

d
= Z ijEk (w0, )
k=0
d
=Y afAi(z,x).
k=0

(3) Af has diagonal entries Q;(0), Q;(1),...,Q:(d).

Definition 4.2: dual Bose-Mesner algebra

A" = A" (xg) = (Af, A, ..., AS) is called the dual Bose-Mesner algebra.

Proposition 4.3

(1) A* = (E5, B}, E5);
(2) The map |X| E; — A} gives the algebra isomorphism 2A° — 2;

(3) The map Af — B} gives the algebra isomorphism 2A* — B*.

Proof. (1) Note that (Aj, Af,..., A%) = (E§, EY, ..., E})Q and the second eigenmatrix () is invertible,

hence Ej, EY, ..., E} is also a basis of 2*.
(2) Proposition 4.1 tells us that A7 A} = ZZ:O quA,”; and we also have (| X| E;)o(| X | E;) = Zi:o qu(\X\ Ey),
so | X| E; — A gives the correspondence between the basis of the algebra 2A° and 2*.

(3) Theorem 3.13 tell us that the map | X| E; — Bj gives the algebra isomorphism from 2° to 8", while we

also have that the map |X| E; — A} gives the algebra isomorphism 2A° — 2*. Thus the map A} — B}
O

gives the algebra isomorphism 20" — B*.

Definition 4.4: Terwilliger algebra

Let X = (X, {Ri}ogi<a) be a commutative association scheme and zy € X fixed. T = T(zo)
(A, A*) € Mx(C) is called Terwilliger algebra and zg is called the base point of X.
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Let A, B € Mx(C), we define the inner product of A and B by
(A,B):=7 (Ao B)

where 7(M) =2, yexxx M(z,y). Equivalently (A, B) = tr (A%)

Lemma 4.5

Let o, B8,7,4,5,k € {0,1,...,d}.
(1) (BaAEy, Bid3By) = Saibpidmalgmy;

(2) (ELABES, Ef AjE;) = 0aidpi0ykDpgky-

Corollary 4.6

(1) ¢f = 0;
(2) EoARE, =0 < q53=0;

(3) ExAE; =0 <= p)z=0.

Proof of Lemma 4.5. (1) Note that 'E), = Ej and tr(AB) = tr(BA), we have
(BaA3E,, B A’ By)
—tr (EO,AEEWE?;‘E>
—tr (EiEaAgEWEkqﬂ
~Saidn tr (Bady B, A7 )

:(saié’yk Z Ea (33, y)AZ (y> y)E’Y (ya x)fj(x’ :17)

z,yeX

=6aibyr Y Ealz,y) |X| Es(2o,y) B, (y,7) |X| Ej(wo,7)
z,yeX

=50y [XI* Y Eg(wo,y) (Ey 0 'Ea) (y,7) |X| Ej (w0, 7)
z,yeX

ok | X7 (s (B, o 'En) B) (a0 0)
d

=0aibyk |X| Y ¢4, (B3 By Ej) (20, o)
v=0

:5ai6’yk5[3j |X| qg-YEB(xm :L'O)
=04i08301145, Q5 (0)
=0ai8p;04kaa, M

=000 ‘svkqgﬁm’r
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(2)
(ESARE], B A Ef)
26(“'57]@ tr (E;AQE; tAj)

=0aibyk > En(x,2)As(z,9)E(y,y) *A; (y, )
z,yeX

=0ai0k Z Z Ag(z,y) tAj (y, )
z€ly (z0) Y€~ (20)

:6ai55j67kplﬁk'y- O

Proposition 4.7

Let W be a subspace of V. If W is T-invariant, then W+ is T-invariant.

Proof. Note that T is closed under transpose-complex conjugate. Take v € W+. For every A € T and
w € W, we have

(w, Av) = <tf_1w,v> =0,

since ‘Aw cW. O

Lemma 4.8

(1) Efl = A;xo;

(3) Axo=A*1.

PT’OOf. (1) E’Zkl = erri(m) = Ail’o.

(2) By Eq. (4), we have E;xo = \71| Zi:o Qi(a)Aqzo =

]
Q &
g

o
2
&
Q%
=
I

|-
N
S %
-

X1

(3) Note that dim(Azg) = dim(A* 1) =d + 1.

O
Definition 4.9
We call 2l zp = 2" 1 the principal T-modules (primary T-module).
Definition 4.10
(1) Define v; = Ef1 for i € {0,1,...,d}. The set of vectors {vg, v1,..., vq} are called the standard

basis of Axy = 2A* 1. Note that:
v, = Ef1 = Az € v
v+vy+--F+vg=1€V.
(2) Define v} = E;x¢ for i € {0,1,...,d}. The set of vectors {v{,v],...,v}} are called the dual
standard basis of 2Azy = 2A* 1. Note that:
v = Eixg = ‘71|Afl eV
v +ul - vy =0 € V.
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Proposition 4.11

(4) Ajv

For principal T-modules 2 z(, we get:
(1) dlm(EzQ(I()) =1, fori € {0, 1,.. .,d};
(2) dim(EfAzg) =1, for i € {0,1,...,d};

(3) Ajv; = ZZ:O phivk, representation of A; with respect to the standard basis is Bj, where B; =

(p?i);
70 Zk a qﬂvk, representation of A; with respect to the standard basis is B}, where B} =
k

().

A o has all the information on pfj and qf]

_AxO_ZP ExO_ZP

1 d d

v = mm = X1 2o QOB = 5 >~ Qi

=0

Problem 4.1

We want to decompose V into irreducible T-modules.

There are already many works.

(1)

Terwilliger | , , | introduced the subconstituent algebra T' (or Terwilliger al-
gebra) of a commutative association scheme. He determined the structure of a thin, irreducible
T-module of a P- and Q- polynomial association scheme.

Tomiyama—Yamazaki | ] studied the Terwilliger algebra T of strongly regular graphs and
determined the dimension of 7.

Bannai-Munemasa [ | studied the structure of the Terwilliger algebra of a group association
scheme. They calculated an upper bound as well as a lower bound of the dimension of T

Tanabe [ | determined all irreducible T-modules of Doob schemes.

Go | ] considered the irreducible complex T-modules of hypercube and the multiplicities of
each of the irreducible T-modules in CX are computed. Moreover, Go-Terwilliger | | studied
irreducible T-modules of distance regular graphs.

Ito and his students are studying the irreducible T-modules of J(v,k) and partial result was
included in Liang—Tan-Tto | ].

5 Related Concepts of Association Scheme

5.1 Duality of association scheme
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Definition 5.1: Duality map

For a commutative association scheme X = (X, {R;}o<i<a) With the Bose-Mesner algebra 2. A linear
automorphism map ¥ : 2 — 2 is called a duality map, if the following conditions are satisfied:

(1) ¥(MN) =T(m)o ¥(N) for all M, N € 2,
(2) W2(M) = |X| '™ for all M € .

A commutative association scheme X is called self-dual if there exists a duality map from 2 to 2.

The definition of “duality” comes from | -

Example 5.2

(1) Hamming association scheme H(d, q) is self-dual;

(2) Johnson association scheme J(v,d) is not self-dual.

Proposition 5.3

Let ¥ be a duality map. Then

Proof. (1) Note that
XTW('M) = U(|X| M) = U(U(M)) = V(¥ (M) = |X] (T(M)).
Thus,we have “W(M) = ¥(‘M).
(2) Note that
X] (W(M)B(N)) = W2(M)B(N)) = B(W2(M) 0 WX(N)) = | X[* W(M o N).
Thus,we have U(M o N) = L\II(M)\I/(N)

X|
O
Proposition 5.4
The following are equivalent:
(1) X = (X, {Ri}ogiga) is self-dual;
(2) By arranging the order of Ry, Ry, ..., Ry appropriately, we get P = Q.
Proof. (1) = (2). Let ¥ be a duality map. By Proposition 5.3, ¥(M) = ¥(J o M) W\I’(J)\I/(M) =

U(Ep)¥ (M) for all M € A. Hence ¥(Ey) = I = Ag. Moreover, ¥(E;) = U(E?) = ¥(E;) o ¥(E;) and then
entries of U(E;) are either 0 or 1.

Since ¥ is the automorphism 2 — A, we have {U(Ey), U(E1),...,V(Ey)} = {Ao, A1, ..., Aq}. Changing

26




the order of Ry, Ry, ..., Ry if necessary,we may assume that U(E;) = A; for all s € {0,1,...,d}. Then

A, —0(E) = ﬁzczi(j)@(m
d
72

d d L

=Y Qi) E; =) Qi)E;

j=0 j=0

So A; =4; = Y7_ Qi(§)Ej. Thus,P;(j) = Qi(j).
(2) = (1). Order Rg, Ry,..., Ry, so that P = Q i.e., P;(j) = Qi(j) for all i,5. Then it is easily checked
that

\I/(EZ)ZA“ iG{O,l,...,d}

gives a self-dual map. O

Remark 5.5

There are some related works of Jaeger. | , ]

5.2 Fusion scheme of association scheme

Let X = (X, {Ri}ogi<d) be a commutative association scheme. Combing R;’s, can we get a new association
scheme?

Definition 5.6

Let {0, L. .,d} be the index set and {0 L...,d} ={0}UA;UA LU---UAZ
Also,let Ry = Ry, R = Ujen, Rj, . ..,R = UJGAJRj. If X = (X, {Ri}ogigi) is an association scheme,

then X is called a fusion scheme of X.

e Fusion scheme of H(d, q) is classified for ¢ > 4. See [ ]

e Fusion scheme of J(v,d) is classified for some v > f(d). See | ) ]

e Fusion schemes of group association scheme: many work by Q. Xiang, H. Tanaka and Iwakata.
Question 5.1

Let G be any finite group. Find all fusion schemes of X(G).

Theorem 5.7: Bannai-Muzycluk criterion | ]

Let X = (X, {Ri}ogicd) be a commutative association scheme. Let X = (X, {§1}0<i<g) be a fusion
scheme of X if and only if the following conditions are satisfied:

‘ ~ ~ = ~

(1) For each i € {1,2,...,d}, R; € {Ro,R1,...,Rj};

(2) There is another partition of {0,1,...,d}, such that {0,1,..., dt} ={0}UuF UFU---UFyand
if we define Eqg = Egy, F1 = ZjGFl Ej, oo c ,EC‘[: ZjGFdNEj’ then F; € {EQ,El, o c 7EJ}7

(3) Let P|p,xa, be the restriction of P to Fy, x A;, then each row sum is constant. That is, for each
i € Fis, >_cp, Pj(i) does not depend on i.
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Proof. For each ¢ € {0,...,d}, define A, = > jen, Aj-
“=" Suppose X is a fusion scheme. Then Ay = ;10, gl, ey EJ are the adjacent matrices of X. So (1) is

obviously true. _ _ _
Let Ey = EO7 El, ..., 7 be the basis of primitive idempotents of X. Then E}’s are mutually orthogonal

primitive 1dernpotents ie., E; E = (5”E So ( ) holds.
Let P be the first eigenmatrix of % then AgEk = Pg( )Ek. So

(D AN E)=) > AL

JEA 1€ F 1EF, jEN,

=> (> PG)E

1€EF,  jEN

=Py(k) Y E;.

1€ Fy,

So for all i € Fy, 3¢5, Pj(i) = P(k). Thus (3) holds.
“«<" Suppose the conditions (1) to (3) hold.
Since X is an association scheme, we have the conditions (1’) to (4') Note that {Ag, A1,..., Az} and

{Eo, Ei, ..., EJ} are linear independent. According to condition (3), we have

d
Ay = XA: Aj= XA: Z;Jpj(v)E
d
Y Y Y e

k=0veEFy jEA,

Il
M=~ I
]
=
WM&z

veEFy,
So the space spanned by {Ao, Al, e Nd} and {EO, El, e ~} are the same one. The space spanned by
{Eo, El, e ~} is closed under ordinary matrix multlphcatlon Therefore A,A, €< Eo, El, cee E >=<
AO, Al, .. ,Ad >, for all k,£ € {0,1,...,d}. According to the definition, the conclusion is obvious. O

5.3 Primitive association scheme and imprimitive association scheme

Let X = (X,{R;}o<i<d) be a commutative association scheme (not necessarily symmetric). Let (X, R;)
be a graph (maybe directed). The graph (X, R;) is connected if for all x,y € X, there exists a path
T = xo,%1,...,%, =y such that (z;,z,11) € R;, for all j € {0,1,...,r — 1}. Since for every R; there is a
path of length 0 from = to x, we assume that  and x are connected by every R;.

Definition 5.8: Primitive association scheme

An association scheme X = (X, {R;}o<i<q) is called primitive if the graphs (X, R;) are connected
for all ¢ € {1,...,d}. An association scheme X = (X, {R;}o<i<q) is called imprimitive, if it is not
primitive.

Let X = (X, {R;}o<i<d) be an association scheme. Define

' (z) := {y € X : there exists a path from = to y in (X, R;)}.
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Proposition 5.9

For all i € {0,1,...,d},
(1) |T@ ()| does not depend on x € X;

(2) y € T®(x) implies € T (y).

Proof. (1) Let Ag = {0}, Ay = {i}. For £ € {2,...,d}, define
Ay = {v : there exists u € Ay such that p;; >0 and v ¢ A; for every 0 < j <1 —1}.

Then [P0 (2)] = 20 (Xoen, kv)-

(2) Let z € T@(y). Since y € T (z), we obtain z € T (x). And then T (y) € T (z). By (1),
IT@ (y)| = L@ (z)|. Then,we have I'¥(y) = I'®(z). Note that z € I'¥)(z). So z € T (y).
O

Definition 5.10: Distribution graph

Given an association scheme X = (X, {R; }o<i<a), define a graph A 4, for each ¢ € {0, 1,...,d} by setting
the vertex set {0,1,...,d} and the arc set {(j,k) : pf; > 0}. We call the graph A, a distribution
graph of X.

Note that if X is symmetric then A4, is an undirected graph. Indeed, we have kgpfj = kjpg/é and by
symmetric i = 1.

Lemma 5.11

Let é,v,u € {0,1,...,d}. Then the following conditions are equivalent:
(1) For every (zo,y) € Ry, there exists a vertex x € I',(z¢) and a path in (X, R;) from z to y;

(2) For a particular (xo,y) € Ry, there exists a vertex « € I',(x¢) and a path in (X, R;) from z to y;

(3) There is a path from v to p in Ay, .

Proof. (1) = (2) It is obvious.
(2) = (3) There is a path & = o, p1, . .., pr = y with vy = v, v, = p, (zo,u;) € R, where j € {1,...,r}.
Then we have:

Vi __

Py, =Dy >0
Pigy, =Py >0

12

Vr — M
Piv,_y = Piv,_, >0

So there exists a path from v to p in Ay,.
(3) = (1) By condition (3), there are positive numbers:

Piy = PuisPigys s Pip_y = P,
Namely, there is a path in (X, R;) for any (zo,y) € R:

Y=y, hr—1y .-y o =127

such that (zo,y;-1) € Ry,_, and (pj_1, ) € R;. Then (xo,z) € R, and x = po, g1, . . -, b = y give a path
from z to y in (X, R;). O
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Corollary 5.12

In the distribution graph A4,. There is a path from v to p if and only if there is a path from u to v.

For v, pn € {0,1,...,d}, write v ~; p if there exists a path from v to p in Ay,. Then ~; is a equivalent
relation.

Proposition 5.13

Let © be the connected component of Ay, containing 0. Let Rg := (J,cq Ra- Then
(1) For every z,y € X, (x,y) € Ro. < There exists a path from z to y in (X, R;).

(2) Rq is an equivalent condition on X.

Proof. (1) “«<” Let (z,y) € R, and there is a path from z to y in (X, R;). Let v = 0 and 2o = z. Then
there is a path from 0 to pin A4,. So p € Q.

“=7” Let (z,y) € Ro. Then there exists u € Q, such that (z,y) € R,,. So there is a path from 0 to u
in Ay,. Put v =0 and z9 = « in Lemma 5.11. Then there is a path from z to y in (X, R;);

(2) Define the relation o~ on X. x ~y e There is a path from x to y in (X, R;). This is an equivalent

relation. Note that by (1), this is equivalent to (x,y) € Rq. So Rq is an equivalent relation.

O
Corollary 5.14
(X, R;) is connected if and only if A4, is connected.
Proof. Because of the fact that:
(1) (X, R;) is connected. <= x wY for all z,y € X;
(2) For (z,y) € Ry, Ty & pe;
we have
(X, R;) is connected. < Q = {0,1,...,d}
<= Ay, is connected.
O

Proposition 5.15

The following are equivalent:
(1) X is imprimitive;

(2) There exists a subset Q with 0 G Q & {0,1,...,d} such that Rg = {J,cq Ra gives an equivalent
relation on X.

Proof. (1) = (2) there exists i # 0, ¢ € {0,1,...,d} such that (X, R;) is disconnected. By Corollary 5.14,
A 4, is disconnected. Let ) be the connected component of {0, 1,...,d} which contains 0. Then Ry, satisfies
the condition (2).

(2) = (1) Let i € Q with i #0. x ~Y implies z and y are in the same equivalent class in Rq. So (X, R;)

is disconnected. O
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Define a matrix B} := (¢};)o<j<d,o<k<d- The eigenvalues of Bf are Q;(0),Qi(1),...,Q;(d). Define a
matrix B; := (pf;)o<j<d.o<k<d- The eigenvalues of B; are P;(0), P;(1), ..., P;(d).

If X is symmetric, then VQ;(j) € R. Z] 0@ = mi = Q;(0) and P; (O) E;.

Definition 5.16: Representation graph

Given an association scheme X = (X, {R; }o<i<d), define a graph Ag, for each i € {0,1,...,d} by setting
the vertex set {0,1,...,d} and the arc set {(4,k) : qu > 0}. We call the graph Ag, a representation
graph of X.

Note that if X is symmetric then Ag, is also an undirected graph.

Proposition 5.17

X = (X, {Ri}o<i<a) is a commutative association scheme.
1) |P;(0)] < P5(0) = kj;

3) 1Q; ()] < Q;(0) = my;

4) The multiplicity of the eigenvalue @;(0) in B} is 1. < the representation graph Ag; is connected.

(
(
(
(

)

2) The multiplicity of the eigenvalue P;(0) in B; is 1. < the distribution graph A A; is connected;
)
)

Proof. (1) We have the following equation:
(’JJ(hIl, ey IZ?d)Bj = Pj(i)(l’o,wl, “e ,$d).

Let jo € {0,1,...,d} with |z;,| < |z;|. Consider the jo-th coordinate, then we have:
d
> Bilt,jo)rr = Py(i)a,
=0
So
d d_
(D)o <Y 1l B4 jo) < lajol D Pl = |z, |k
=0 =

which means |P;(z)| < kj. Thus (1) holds.
(2) (2) is similar to (4).
(3) (3) is similar to (1) and we can use B} (¢, jo) = qjé and Zz oqje =m;.

(4) Without loss of generality, we take j = 1.

“«<” Suppose Ap, is connected, then the dimension of the space of the eigenvalue @Q;(0)(= m;) is 1.
We have the following equation:

(0,21, ..,24)Bf = mi(xo,T1,...,2q)

Let ig € {0,1,...,d} with |z;,| > |2] (0 <1< d). (We can assume that x;, > 0.) Consider the ig-th

coordinate of (xg,z1,...,2q4)B} = m1(zo,x1,...,2q) with m; = Q1(0), then we have:
d
i
mix;, = E xkql(;ﬂ = § kaqlk L § qlvk = ZTj,M1.
k=0 k=0
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So xy, =y, = =Xy, = T, and as a result Ag, is connected.

“=7If Ap, is not connected and it has r connected components, the dimension of the eigenvalue space
for @Q1(0) is 7.

O

Proposition 5.18

The following are equivalent:
(1) there exists j # 0, such that Ay4; is disconnected;

(2) there exists ¢ # 0, such that Ag, is disconnected.

Proof. (2) = (1) By Proposition 5.17 (4), the multiplicity of Q;(0) in B is greater than 1, i.e., there exists
j # 0 such that Q;(j) = Q:(0). Since the following equation is satisfied:

Qi) _ Pi(j)

and

Also, we have

Then we have

Hence P;(i) = P;(0) = k;. By Proposition 5.17 (2), Ay, is disconnected.
(1) = (2) Similar. O

Proposition 5.19

The followings are equivalent:
(1) X is imprimitive;
(2) Aa, is connected for every j # 0;

(3) Ap, is connected for every ¢ # 0.

Let Q' C {0,1,...,d}. We introduce the following notations.
hd AQ = ZaEQ Aa;
o RQ = ZQEQ RO‘;

o OO ={k: existsi e Q,3j € Q such that pfj # 0}.

Proposition 5.20

(1) QY ={k: (Aqgo Ag/)o Ar #0};
(2) ()" =Q(Q") ={k: (Aqo Aq o Agr) o Ay # 0}.
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Lemma 5.21

For Q € {0,1,...,d}, the following are equivalent:
(1) 92 =0;

(2) Rg gives an equivalent relation on X.

Proof. (1) = (2) Consider the graph (X, Rg). Take (z,y) € Ry, € Q. Consider a path

a « Q « a a «
l':x();xl_\"'_\xr:xséx’r+14"'4xsfléxs~
@ @ «a a @ @
€T T Ty = Ts Tr—1
\ /
s—1

Since Q = Q?, we have (z;,z;) € Q, for all i < j. In particular (z,,z,) = (z,,75) € Rq, then 0 € Q.
And we have (x5,25-1) = (zr,25—1) € Rq, then o € Q. This implies reflexivity and symmetricity. Note
that Q2 = Q implies the transitivity.

(2) = (1) Rq is an equivalence relation means, (Aq)? = kqAq, where kg = > .o ka- So we have
02 =0qQ. O

5.4 Subscheme and quotient scheme

Recall

We say G — X is trancitively, which shows as follows

e @ is called imprimitive if and only if there exists a partion of X = X7 LI X5 LI... U X, such that
G stabilizes X1, ..., X, globally.

e @ is primitive & G, (x € X) is a max subgraph of G, G,, ; Gx, g G.

According to Proposition 5.15 and Lemma 5.21, X = (X, {R; }o<i<s) is imprimitive commutative associ-
ation scheme if and only if there exists Q C {0,1,...,d},Q # {0},Q # {0,1,...,d}, such that Q% = Q, and
Rq gives an equivalence relation on X.

Let X1, X5, ..., X, be the decomposition of X into equivalence relation by 2.

Then ¥ = {X7, Xo,..., X, } is called the system of imprimitivity. Then A, (« € Q) is in the following
form

Xo X4 - - X,
X110 « 0 :
A, = . .
: 0
Xr O 0 *
Note that X
|X1\:|X2|:...:|Xr|:ZKa:kQZT,

a€eQ
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we have

Xo X3 X,
Xg 7 J 0 0
X 0 J 0
Ao = . .
: : .. 0 J 0
X, \0 e o0 J

There are two association schemes naturally attached to this situation
e Subscheme: association scheme on each Xj;.
¢ Quotient scheme: association scheme on X.

Take Y = X7, then we have that A,|y«y is an adjacent matrix of the graph (Y, R,) of valency K,. By
0?2 =Q, and Q% = {k: (Ag 0 Aq) o Ay, # 0}. The space spanned by {4, : « € Q} is closed under ordinary
matrix multiply, i.e., g := (A, : a € Q) is a subalgebra of 2.

Since 0 € Q and Ay = I € A, we have dim(A, |y xy|a € Q) = || = dim(4,|a € Q).

Since (As|yxy) contains I = Aglyxy and J = Agqlyxy, it satisfies the conditions (1”) to (5’) of a
commutive association scheme. So (Y, {R.|y xy }acq is & commutive association scheme and (A4, |y xy|a € Q)
is its Bose-Mesner algebra.

Definition 5.22: Subscheme

Y = (Y, {Raly xy }acq) is called a subscheme of X.

Note that |Q] = s+ 1. Then g has s+ 1 primitive idempotents (unique as a set) each of them is a sum
of Eo, B, ..., Eq. Namely there is a partition, {0,1,...,d} = Ag U A1 U...UAs with {Ex, =3 cp, Fo
0 <i < s} are the primitive idempotents of 2q.

So {Ep,|yxy : @ € Q} is a primitive idempotent basis of (A,|yxy : @ € Q). Since

Aglyxy = Jrg € (Aalyxyla € Q),

we have
1

1
—A = —Jiy = Ea,
ko alyxy g o A

for some ¢ € {0,1,...,d}. By changing the ordering of

Y XY

we have Fy, |y xy = %J;m, let us denote A = Ayg.

Proposition 5.23

We use the previous notation, for the subscheme 2) of a commutive association scheme X, the following
conditions hold,

(1) 0 € A;
(2) AoA:={k:exists i,j € A, such that ¢f; #0 } = A;

(3) The first eigenmatrix (P;(A;)) satisfies Pj(A;) = Pj(«) for all a € A;, j € ;

0<i<s,5€Q

(4) The second eigenmatrix (Qa,(i))o<;j<s,ic of Y satisfies Qa, (i) = % ZaeAj Q7). Moreover, if
i€ A, then Y,y Qali) = 0.
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Proof. (1) EgE\ = ﬁ%JAQ = ﬁ] = Fy,s00 € A.

(2) ]{ZQEA = AQ, AQ o AQ = AQ, EA o EA = ﬁ Zi,jeA(ZZ:O qu»CjEk) SO A o A = A.

(3) The correspondence A, — A,|yxy gives an algebra isomorphism 2dq to (A.|yxy|a € Q). Then

a=0

(4) For j € {0,1,...,s}, we have E);, = ﬁ Y ico @a,(i)A;. While E, = ﬁ Z?:o Qa(i)A;, since By, =

ZaeAj ECY'
O

Define Ay := (E; : i € A) C A with [Q] = s+ 1. Let |A| =¢+ 1, then dim(Ap) =¢+ 1. Since Ao A=A,
2 is closed under Hadamard product.

Since Ep = %AQ and 'An = Ag, for each i € A, there exists j € A, such that ‘E; = E;. So 2, is closed
under taking transpose.

Since 0 € A and | X |Ey = J € 2y, then J € ™A, (identity with respect to Hadamard product).

For each j € A, EAE; = E;E)\ = Ej, so E, is the identity with respect to ordinary product in a.
Moreover, 205 has the basis of primitive idempotents, so there is a partition, {0,1,...,d} = QoUQ; U...UQ;
with primitive idempotent basis with respect to Hadamard product

Ay, =) A,

ac);
for 0 <4 <t. Then Ay = (Ag : 0 <3 < t). Write Qg with 0 € Qp. Then

J = |X|Ey = AQq + AQ + - + AQ,.

Proposition 5.24

The following hold.
(1) For each i € {1,...,t}, we have A, Aq = Aqdq, = kqAq.
(2) For the system of imprimitivity Xi,..., X, we have Aqg,[x,xx, =0 or J.
(3) Let ¥ = {X1, X5,..., X, } and

L, if Ag,|Xaux, = J;

D’i ) =
(e, 8) {o, if Ag, —0.

onXXB

Then Ag, = D ®J.

Proof. (1) Ao =(E;j:j€A)=(Ag, :0<i<t)and Ep = ,%QAQ is the identity element of 4.
(2) Compare the X, x Xg block of AgAq, = kqaAq,. We have

J(AQ)a,p = ka(Aq)a,s (6)

the entries of (Ag,)a,s are 0 and 1. So in order to have the equality in Eq. (6), cither (Aq,)a,s = J or
0.

(3) It is obvious from (2).
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Since each E; € 2, is a linear combination of {Ag, : 0 < ¢ < t} we have

Define

where j € {0,1,...,t}. Note that | X| = rkq.

Proposition 5.25

(1) Define the map ¢ from (E; : i € A) to (D; : 0 < i < t) by @(%Aﬂi) =D;.
then ¢ gives the algebra isomorphism.

(2) For each i, (0 < i < t), there exists j € {0, 1,...,t} such that ‘D; = D;.
(3) If AQ = AQO then DO = I, Q() = Q.

(4) (D; : 0 < i< t) is the Bose-Mesner algebra of a commutive association scheme on ¥ (the system
of imprimitivity).

(5) Fo, F1,...,F; become the primitive idempotent basis of Bose-Mesuer algebra (D; : 1 < i < t), we
also have p(E;) = Fj.

Proof. (1) Note that (%J)2 = %J. Sop:D;® (%J) — D; gives the isomorphism from
QlA=<AQi0<i<t>

to
(D; : 0<i<t) C M.(C).

(2) Define Q) = {a' : @ € O}, then ‘Aq, = Agy, fori € {0,1,...,t}.
So Q4 is closed under taking transpose. Then A, € Ap and {Ag,, Aq,, ..., Aq,} are idempotent with

respect to Hadamard product of 2. Hence Ay, € {Aq,, Aq,, ..., Aq,} i.e., Q; = Q; for some j. That
means for each i € {0,...mt} there exist j such 'D; = D;.

(3) Aq = kqEn € A, so Aq is a sum of {Aq,, Aq,,...,Aq,}. Since Ag = I ® J and Ag = Eeeﬂo Ay,
then Ag = Aq,. Hence Qy = Q and Dy = I.
(4) By J = AQO +Agl + - +AQ” we have
Do+Dy+-+ Dy = J
so, all the condition (1) to (5) of Bose-Mesner algebra are satisfied.

(5) It is obvious from (1).
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Definition 5.26: Quotient scheme

(X, Dip<i<t) is well-defined. And this is called the quotient scheme of X.

Let X = (X,{R;}o<i<a) be a commutive association scheme. Suppose X is imprimitive i.e., there
exists 2 such that 0 G Q & {0,1,...,d}. By Proposition 5.25 (4), the commutive association scheme

Proposition 5.27

The P and @ of the quotient scheme are

(1) For ¢ € A and 0 < j < t, we have

and for i ¢ A,0 < j <t we have

(2) For every o € 2,5 € A,

Proof. In the quotient scheme,

and

We have defined the algebra isomorphism
i (E;:i€AN)—=(D;:0<i<t),

then @(%Agi) = D;. If we pull back, in Ay = (E; : i € A) = (Aq, : 0 < i < t), we have

1 ~ .
gz‘lﬂj = ZPj(Z)Ei; 0<y<t

€A
and
1 <~
EJ_@ZQ](/L)AQ“ ]EA
=0
While
d
Ag, =Y Aa=> (D Puli))E;
a€f); i=0 a€eQ);
and

Hence (1) and (2) follow.
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6 Distance Regular Graph and P-polynomial Association Scheme

6.1 Distance regular graph

Definition 6.1: Distance regular graph

Let T' = (X, E) be an undirected simple graph diameter d. We define T';(2) = {y € X : d(z,y) = i},
where d(z,y) is the distance from z to y. Let y € T';(z), if we have the following items

M |Fi—1(x)ﬂl_‘1(y)|:cia (1217277d)7
o [Di()NT(y)| =a;, (i=0,1,...,d);
L] |Fi+1(a;)ﬂF1(y)|:bi, (i=1,2,...,d—1);

are independent of € X and y € T';(z) (but depend only on 4), then T' is called a distance regular
graph.
We usually assume ¢y = 0,b = 0 or not defined. Moreover, by = k is the valency of regular graph

I.

One can check that:

e k=c;4+a;+b;,i=0,1,...,d).

« o1 =|To(x) NT1(y)| = {a}] with y € T'y (y).

e ¢; >0,fori=1,2,...,d, since I is of diameter d.

L (IOZO.

Remark 6.2

Let k; = |T;(x)|, then kg = 1,k = k, kiy1 = ki - Cbi In fact, we can count the number of edges between
Ii(z) and T4 ().

Proposition 6.3

Let I' = (X, E) be a distance regular graph, define R; = {(z,y) € X x X : d(z,y) = i}, then
X = (X, {Ri}o<i<d is a symmetric association scheme of class d.

Proof. Obviously, A;’s satisfy the conditions (1’) to (3'), (5') and (6').
Here we just show the proof of (4"). Since we have the following equations

cjy1, ifd(r,y)=7+1;
a;, if d(x,y) = j;
Ao y) = 3 Asle, ) Ai(ery) = [Ds(@) nTy(y) = 4 9 Tdow) = )
2€X bj,h if d(%y) =] 1 )
0, ifld(e.y)—j| > 2.

Then for 1 < j <d—1, we have A;A; = cj11441+a;A; +b;_1A;_1. Hence A; is a polynomial of degree
j of Ay. Since the graph T' has valency k = by,

(Ay — kI)J = Ay J — kJ =0,
thus
(Ay — kD) (Ag+ Ay + -+ Ag) = 0,
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where Ag, A1,...,Aq are linear independent. So the minimum polynomial of A; is given by

(z — k)(polynomial of degree d on X)

The vector space spanned by Ag, Ay, ..., Ag is closed under ordinary matrix multiplication, i.e., there exists
pfj € Zxo such that A;A; = sz=o péjAl, so (4”) holds. Hence X = (X, {R; }o<i<a) is a symmetric association
scheme. O

6.2 P-polynomial association scheme

Definition 6.4: P-polynomial association scheme

Let X = (X,{Ri}ogi<a) be a symmetric association scheme of class d, choosing some ordering of
Ro,Ry,..., Ry, if each A;(i =1,2,...,d) is a polynomial of degree i on A; (i.e., A; = v;(A;), for some
polynomial v; of degree i. X is called a P-polynomial association scheme.

Note that the Bose-Mesner algebra of X is generated by Aj;.

Theorem 6.5

(1) Let X = (X, {Ri}ogi<a) be a P-polynomial association scheme (with respect to some ordering
of Ry, Ri,...,Rq). Define E = {{z,y} : (z,y) € R}, then the graph I' = (X, F) is a distance
regular graph.

(2) Let I = (X, E) be a distance regular graph, let us define R, C X xX by R; = {(z,y) : d(z,y) = i}.

Then X = (X, {R;}o<i<a) is a P-polynomial association scheme.

Proof. 1t is clearly from the previous discussion. O

Theorem 6.6

Let X = (X, {R;}o<i<a) be a symmetric association scheme of class d, let By = (p?j)ogjgdpgkgd and
let k = p{;, then the following conditions are equivalent.

(1) X is a P-polynomial association scheme. (with respect to the ordering Ry, Ry, ..., Rqg).

(2) Bj is the following tri-diagonal matrix

@y @ @ ees sse  aas  aas 0
bo a1 o
0 b a2
0 . by . ¢

a;

bi - ca-1 O
: . . . 5 - Qd-1 €4
0 o e e e 0 bgq ag

where b 0 (0<i<d—1), ¢ #0 (1<i<d),bj=¢), =m and ¢f = 1.

(3) Let P be the character table of X, and let Q; = P;(j) for j € {0,1,...,d}. Then for each ¢ €
{0,...,d}, there exists a polynomial v; of degree ¢, such that P;(j) = v;(Q;), for j € {0,1,...,d}.

Before proof this theorem, we give the following remark.
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Remark 6.7

All eigenvalues of A; are determined by the eigenvalues of A;. Denote the eigenvalues of A; by
00,01, . ..,04.

Proof of Theorem 6.6. (1) = (2) It is clear that ag = p{y = 0,bp = pY; = k and ¢; = pY, = 1. By the
assumption, there exists a polynomial v;(z) of degree i, such that A; = v;(A;). Since x-v;(z) is a polynomial

of degree i + 1, it is a linear combination of vo(z),v1(z),...,vir1(x), so
i1
z-vi(w) =) cove(a).
=0

In particular ¢;41 # 0 if i < d — 1. If we put A; to x, then

i+1
ZQA@ Ayvi(Ay)
d
=M A; =) pliAs
£=0

therefore plii =0if ¢ > i+ 2. We also have pH_l = ¢;41 # 0. Since X is symmetric kg 'plii = ki 'plﬁ’ S0
piy =0, for every £ > i+ 2, and p} ;, #0.
(2) = (1) We have

e ag=0,a; =p};, (1<i<d)
o bi=pli, (0<i<d
. Ci:pi,z;h (1<i<d)
o pl; =0, if [i —j] > 2.

Then
A1A; = pzlzlAi—l +P§¢Ai +P§T1Ai+1 =bi1 A1+ ;A + cip1Aig

Define v;(z) by vo(z) = 1,v1(x) = 2. By
z;0;(x) = bi—1v;—1(x) + a;vi(x) + cip1vipa (),

we get Ai+1 = Vj+1 (Al)
(1) & (3) Let Ey, En, ..., E4 be the primitive denpotents. And then

For any polynomial

£=0
we have
i i d d d
=2 A=) (O QiE) = ZW” = >_ul(Q)E;.
£=0 ¢=0 j=0 =0 (= 3=0
Hence (1) and (3) are equivalent. O

40



Example 6.8

o Hamming association scheme H(d, q) is a P-polynomial association scheme with

bi = (d —i)(g = 1);
a; =i(q — 2).

o Johnson association scheme J(v,d) is a P-polynomial association scheme with
2.

bi=(d—1i)(v—d—1i);
a; = i(v — 27).

Exercise 4

Calculate the a;’s, b;’s and ¢;’s of Hamming scheme and Johnson scheme.

Proposition 6.9

Let X be a P-polynomial association scheme, then 6y, 01, ...,0; of A; are all distinct.

Proof. Suppose 6; = 0y with 0 < j < £ < d. Then by Theorem 6.6 (3), we have

Pi(j) = vi(Qj) = vi(Qe) = Pi()
for every i € {0,1,...,d}. So the j-th row and the I-th row of P are identical. This contradicts the fact that
P is non-singular. (PQ = |X|I) O
7 Q-Polynomial Association Scheme

Due to the algebraic structure of Hadamard product, we can introduce a similar construction of P-polynomial
association scheme, namely, Q-polynomial association scheme. The concept of Q-polynomial association
scheme is due to Delsarte (1973).

Definition 7.1: Q-polynomial association scheme

Let X = (X, {R;}o<i<a) be a symmetric association scheme. X is called a Q-polynomial association
scheme, if the following conditions are satisfied:
For each ¢ > 0, there exists a polynomial v}(z) of degree ¢, such that

[X|Ei = v (|X]EQ),

where the multiplication is under Hadamard product.

Remark 7.2

There is no good combinatorial interpretation of the concept so far.
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Proposition 7.3

Let X = (X, {Ri}o<i<d) be a symmetric association scheme. Then the following are equivalent.
(1) X is a Q-polynomial association scheme with respect to some ordering Ey, F1, ..., Eq4.
(2) By is the following tri-diagonal matrix

af cf 0 s L)

by af o

0 b a

O e W e @
. . o

br ¢, 0
: . . . Soah, C
@ ©oco ocoo ocac ooa 0 by, aj

where b 0 (0<i<d—1),¢f #0 (1<i<d),bj=¢q); =msand ¢f = 1.

(3) Let 05 = Q1(j), 0 < j < d. For each i, there is a polynomial v} (z) of degree i such that
Qi(j) = v (07) for every j € {0,...,d}.

The proof is very similar to the corresponding proposition for P-polynomial association scheme. We left the
proof to the reader.

Exercise 5

Prove Proposition 7.3.

Proposition 7.4

Let X be a Q-polynomial association scheme. Then the following two assertions hold.
(1) AJAY =cf | Af Faf AT + b7 AT

(2) 65,071, ..,05 are distinct eigenvalues of Aj.

Exercise 6

Prove Proposition 7.4.

The polynomials that appear in P-polynomial assocation schemes or in Q-polynomial assocation schemes
are important. In fact, they are orthogonal polynomials on a real line with discrete weight. Recall that in
usual case, take a, b such that @ < 0; < b (0 < ¢ < d) and define a weight function w(zx) by

mq ifxz&i,Ogigd;
w(z) = .
0 otherwise.

For real-valued functions f;(x) and f;(z) on [a, b], let

b
(f,g9) = / fi(@) fi(@x)w(x) de = d;;0; > 0,

where ¢ is the Kronecker function.
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8 Computing the Character Table of Association Scheme

8.1 Association scheme of finite abelian group

Throughout the subsection, let G be a finite Abelian group, and X(G) be the group association scheme of
G. Since G is abelian, each conjugacy class of G consist one element. We write G additively, and 0 is the
identity element of G.
For each g € G, define
Ry={(z,y) e GxG:2—y=g},
1 if z—y=g;

Ag(wvy) = 5m7y,g = {

0 otherwise,

then we have

(Ag, Ap)(z, ZA x,2)An(z,y) Z(SI 2,902—y.h

zeG zeG

1 ifr—y=g+h
o ifz—y#g+h

So AgAh = AhAg = Ag+h~
Let P be the first eigenmatrix of X(G) and let E, (z € G) be the primitive idempotents of X(G). Then

Ay = Z Pfc(g)Eg

geG

and

> Paiy(9)Ey = Avyy = A4,

geG

> P.(g)E, <Z Py<h>Eh>

geq heG

> Pul9)Py(9)E,

geG

Therefore, for each g, z, y € G, we get Px+y( )= Pz(g)Py(g).

We define U () = P,y(g). Then ¥, € G, where G is the irreducible representation characters. In other
words, for all z, y € G, we have W, (z +y) = Uy(2)¥,(y). So {¥, : g € G} = G. Therefore, P is the same
as the character table of G.

We can choose the ordering of the elements of G. So that P is a symmetric matrix. In fact, G is a direct
product of cyclic groups (By the structure theorem of finite abelian group). So we can just proof it for Z/mZ
cases. Let G = Z/mZ, denote ( as a primitive with root of 1. Then

Uy (x) = Pa(y) = ¢,

Then U, gives a linear character of G. Obviously, P,(y) = P,(z). Then we can come to the conclusion that
if G is an arbitrary abelian group, P is a symmetric matrix. -
In the general case of commutative association scheme, if P is symmetric, then P = @. In fact,

in the case of commutative association scheme, k; = m; = 1. For an abelian group G, X(G) is self-dual.
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8.2 The character table of Hamming association scheme

In this section we will discuss the character table of Hamming association scheme H(d, q), where H(d, q) is
a P-polynomial association scheme. We claim that for Hamming association scheme, H(d, q) is self-dual and
Q-polynomial as well.

We assume F' has a structure of an abelian group. Let X be the d-times copy of F', namely

X=Fx---xF,
~——
d times
and we write @ = (21,...,24) € X, y = (Y1,-..,Yd) € X. Define
w@)={i:1<i<d, z; #0},
then the Hamming distance can be defined as

dlx,y) =wlx—-—y)={i: (x—vy); #0, i=1,...,d}.
So R, = {(x,y) : w(x — y) = i}. Then we can define X; = {x € X : w(x) = i}, where X;,..., X4 is a
partition of X. R
Denote F as an abelian group of order g. Let F, be the character group of Fj,

Fy={V,:zcF,}

with W, (y) = U,y(x). X = (F,)? is also a finite abelian group. For & = (z1,...,xq) € FJ and y =
(y17"'ayd) GF(;ia

Proposition 8.1

Put D =4{0,1,...,d}. For j,k € D, and u € X, we have

K= 3 Wulw) = 3 (<1ig— 1) (2D

xeXy =0

Remark 8.2

Kj(u) is a polynomial of degree k in u. By the generating function of Ky (u)
o0
> Ku(w)k = (1+ (g - D2)* (1 - 2)"
k=0

— 0+ -9 ()

(—1)"(g — 1)** (Cllc_?) <7j>
0(—q)i(q - <Z _ Z) C)

Here K} (u) is called the Krawtchouk polynomial.

we have

Kk(u) =

Il
..
& 0 M?r
o

%
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Proof of Proposition 8.1. Write D* = D\{0} = {1,2,...,d}. X C X}, where
Xy={zeXy:z,#0, ve M}

Let My, My C D*, |M;| = |Ms| = k and My # M. This implies X, N Xp, = 9. We have a partition of
Xk

Xe= |J Xu,
MCD*
| M=k
where @ = (z1,--+ ,24) € Xp. For v ¢ M, we have x,, = 0, and for v € M, we have z, # 0. So we have
SRNEED ol (51 ERCRYES | SR
xeX xeX veX veEM JJwEF;

where u € X, j,k € D.
Since V¥, is a linear character of F,. We get

Z \I]u,, (xV) = (Suu,O(L

z,EF,;

where ¢ is the Kronecker function. So

Z v (x):{q—l if wu, # 0;

= -1 if u, =0.
Let i = |[{v € M : u, # 0}|. Then we have

H Z (2% (x,,) = (—l)i(q _ 1)16—1'.

veM m,,GF;‘

Since u € X, for each 4, 0 < i < d, there are (/) (Zijl) number of M C D*, such that i = [{v € M : u, # 0}]
and |M| = k. So we get

d . .
J\(d—1J i -
> v = X v =3 (1) () 21) 0t v
zEX), MCD* €M i=0
| M=k
This completes the proof. O

8.3 The character table of Johnson association scheme

We will give a quick introduction of Johnson association scheme. We just list the contents of several results.
The proof of theorems and propositions will be omitted.

Throughout the section, let X be a pair X = (V,d), where V is a set contains v elements, 0 < d < v/2.
Define R; = {(z,y) € X x X : |rNy| =d —i}. Denote D ={0,1,...,d}.

Proposition 8.3

Define C; € M(i € D) as

-3 (Y ®

{=1i
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Proposition 8.4

(1) Cp,C4,...,Cy4 is a basis of N.

(2) (z,y) € Rq— implies C;(z,y) is the cardinality of the v-elements subset in x N y;

(3)
(D) -z ()0 6)
@ in{r,s
eSS (10T
(5) Forr=0,1,...,d, ) |
25031 ()| iy L

(6) m; = rank(E;) = rank(C;) — rank(C;_1).

Theorem 8.5: Kantor | ]
rank(M;) = |V®| = (”)
i
In | ], Gottlieb gives a certain class of incidence matrices. Set X = V{4, For (z,¢) € X x V¥,
define
1 C x;
0 £ .

Proposition 8.6

C; = M; 'M;, where 0 < i < d.

Proof. Since (z,y) € Rq—¢ implies Cy(z,y) = (f) We have x Ny| = ¢ and

> M M) = e € VO e oy = ()

gev)

Proposition 8.7

where 0 <7 < d.
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Theorem 8.8

For Johnson association scheme J(v,d), we have
j : .
; d—20\[(d—i\ (v—d+L{—1i
Pi(i) =) (=1)i~*
0 =300

and
Q;(i) = mjk; ' Pi(j).

9 Spherical Embedding of an Association Scheme

Let X = (X, {Ri}ogi<d) be a symmetric association scheme. Let P, Q, E; (i = 1,2,---,d) be all real
matrices. Write |X| = n, and V = RIXl = R”. Use (, ) to denote the usual (Euclidean) inner product on
V. We write E = E; and 0} = Q1(3).

Definition 9.1: Spherical embedding of X

The correspondence

X —V
r— ¢(z) = V/nEx

is called the spherical embedding of X. The matrix P is called the spherical representation of X.

We have the following Lemma.

Lemma 9.2

(1) For (z,y) € R;, we have (p(x), p(y)) = 0F. Here 67 = Q1(3).

(2) There exists an « € R, such that

> ply) = ap(a),

yel;(x)

where I';(z) = {y € X : (z,y) € R;}.

Proof. (1) Fix i, (z,y) € R;. By definition, we have
(p(x),p(y)) =n{Ex,By) =nr BBy =n'vEyy

d
— (Z Ql(z')Az) y = Q1(3).

(2) By definition, we have

S opy)=veE Y y=+nEAaz
y€li(x) y€eli(x)
So a = P(1).
O

Note that the set {p(z) : @ € X} is a subset of E1V =V} C RIXI where V; is a subspace of V' of dimension
my. Since (p(x), p(x)) = 65 = Q1(0) = mq, {p(x) : x € X} is the sphere of radius \/my in V1, this is why we
call p a spherical representation.
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Definition 9.3

The spherical representation p = pg is called non-degenerate, if 7 = 65(=m,), (i =1,2,...,d).

We have already shown that |67| = 65. By Definition 9.3, we can see that p is non-degenerate if and only
if p is injective.

Remark 9.4

If X is a Q-polynomial association scheme, then p = pg is non-degenerate. Because we have shown that
05,07, - -+ , 05 are distinct for Q-polynomial association scheme.

In what follows, we assume that p = pg is non-degenerate.

Definition 9.5

Let z,y € X and i,5 € {0,1,...,d} be arbitrarily fixed. Then we say p = pg is balanced, if there
exists an o € R, such that

Yoo e D pz)=alp(x) - p(y)). (9)
z€li(z)NC; (y) z€T; (z)NCi(y)
For (z,y) € R, we have a = ’yfj, where

o O 26
o

=D

If Eq. (9) holds for fixed ¢ and j, then p is called {4, j }-balanced.

Proof. Calculate the inner product of p(x) and the left hand side of Eq. (9). Then we have
p?je;’k - P?kO; = pfg (07 — 9;)
Calculate the inner product of p(z) and the right hand side of Eq. (9). Then we have

a(by — )

Proposition 9.6

Let Ag be the representation graph for £ = F;. Then the following two conditions are equivalent.

(1) p = pg is non-degenerate;

(2) A = Apg is a connected graph.

Proof. We have already shown that A is connected if and only if the dimension of eigenspace for eigenvalue
Q1(0) is 1 in By, if and only if Q1(j) # @1(0) for all j # 0. O

Now we show another proof of (1) = (2) in Proposition 9.6.

Another proof of (1) = (2) in Proposition 9.6. Let A’ be a connected component of A, Enr = >, A/ E,
A* = A7, xp € X is fixed, and N* = N*(xg). First we show

E,A* = En/A*Enr = A*Er. (10)

48



Note that F;A*F; = 0 if and only if q{i # 0. Then

d
Ex AT = (Z E) A (D B | = ) EAE,
j=0

ien’ ien’
0<j<d
= Z E,A*E; = En/A*Enr.
1,jEA’
Similarly, we have TA*Exr = EarA*Ear. So Eq. (10) holds.
Set Ear = Ef:o a;A;. Then
d
0=FExnA*— A*Ep = Zai(AiA* — A*A).
i=1
while
(AlA* - A*Al)(x7 y) = Ai(.TO, y)A*(y, y) - A" (370, xO)Ai('r(% y)
_ )0 =65, if (z,y) € Ry,
o if (2,y) ¢ Ri.
Since p is non-degenerate, 87 # ;. For any i # 0, we have oy = a2 = --- = ag = 0. So Ear = apl. Since
FEar is an idempotent, then ag = ag. So ag = 0 or 1. We notice that ag = 0 implies A’ = @&, and ag = 1
implies A" = {0,1,...,d}. Therefore A is connected. O

Theorem 9.7

Let X be a symmetric association scheme, E be a primitive idempotent, p = pg and A = Ag. The
following are equivalent.

(1) p = pg is balanced,;
(2) A =Apg is a tree.

We see a corollary first, which can be verified immediately from Theorem 9.7.

Corollary 9.8

Let X be a Q-polynomial association scheme with respect to (Ey, ..., E4). Then p = pg is balanced.

Proof. The assumption of X is a Q-polynomial association scheme implies Ay = Ag, is a path, which implies
Ap is a tree by Theorem 9.7. Then p = pg is balanced. O

Proof of Theorem 9.7. Recall that A* is the diagonal matrix.

Ql(i>, if (l‘o,l‘) c Ri,
0, otherwise.

A*(z,z) = {

Let £ = L(zg) = span{MA*N — NA*M : M, N € M}. We need the following lemma.

Lemma 9.9

Let 9" = 9M*(z) be the dual Bose-Mesner algebra, A* = A} € 91*.
(1) {EA*E; — E;A*E; :0<i,j<d, i#7j, ¢l;#0} is a basis of L.

(2) The subset {A*Ay — Ay A* 1 1 < k < d} of £ is linearly independent. Moreover, E;A*E; = 0 if
and only if ¢]; # 0.
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Proof of Lemma 9.9. (1) Note that M = ZLO a;FE; and N = Z;l:o B;Ej. By Corollary 4.6 (2)

SO
MA*N = NA*M = > a;3;(E;A"E; — E;A"E;).
]
41,70
So ‘
L= span{EiA*Ej - E]A*El :0 < Z,j < d, ) 7é j, q{z # 0}
Suppose
Z Q5 (EZA*E] - E]A*EZ) =0.
05,177
qjli,?‘éo

Multiply E; from the left and multiply F; from the right, then q{i #0< E;A'E; # 0, we have a;; = 0.
(2) As we have shown in another proof of Proposition 9.6, we have

9670;:7 if (any) GRk,

(A" Ay — ApA") (2, y) = .
07 if (x()ay) ¢ Rk
Suppose 22:1 ap(A* A — AgA*) = 0, then calculate (zg,y)-entry (with (zo,y) € Rg), we obtain
a (05 — 03) = 0. Since p is non-degenerate and 6 # 65, so ay = 0.
O

Corollary 9.10

(1) dim £ is just the number of edges in the graph A = Ap.
(2) d < dim £ and d = dim £ if and only if A is a tree.

Proof of Corollary 9.10. The proof of (1) is from Lemma 9.9.
Lemma 9.9 (2) shows that d < dim £. Since p is non-degenerate, A is connected. So dim £ = d if and
only if A is a tree. Hence (2). O

Now we return to the proof of Theorem 9.7. By the discussion above, we know that A is a tree if and
only if
d=dimCL,
if and only if
L =span{A*A, — A A* : 1 <k < d},
if and only if for all 4,5 € {0,1--- ,d}, there exist yfj, such that

d
AA A — AjATA; =yl (AT Ay — AGAY). (11)
k=1
Suppose Eq. (11) holds, then
o U
YT -6

since (zo,y) € Ry, implies for the (x¢, y)-entry of Eq. (11), the right hand side is

7505 — 0%),
and the left hand side is

Z Al(xo,z)A*(z,z)AJ(z,y) - Z AJ($O,Z)A*(Z,Z)AZ(Z7y) :pftj(e;k - 0;)

zeX z€X

Hence we prove the first part of Theorem 9.7.Before we prove the second part, we need another lemma.
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Lemma 9.11

Let p = pg, A* = A5 (xo) € N*(xp). Then
(1) A*(z,2) = (p(x0), p(2))-

(2) (A*Ap — ApA*)(z,y) = {ép(%%p(ﬂ?) = p(y)), i gzi Z g:i

Proof. (1) Since (z9,z) € Ry implies A*(z,2) = Qi(k) = 6}, we obtain A*(z,z) — (p(z0), p(2)) by
Lemma 9.2.

(2) As we have shown in another proof of Proposition 9.6, we have
(A" Ay — ApA") (2, y) = A" (2, 2) Ap(2, y) — Ar(z,y) A" (Y, y)

_ A*(]"?x) - A*(y’y) if (xvy) € Rk;
0, if (x,9) ¢ Rg.

Now we return to the proof of the second part of Theorem 9.7.
The left hand side of Eq. (11) is given by

(A;AA; — A A Ay (z,y) = Z Ai(x,2)A%(2,2)Aj(z,y) — Z Aj(x,2)A™(2,2)Ai(2,y)

ze€X 2eX
= Z A*(z,2) — Z A*(z,2)
z€li ()N () 2€0;(x)NCs (y)
= <P(~T0)7 P E p(z)> :
z€l(z)NT; (y) z€l;(x)NCy (y)

For (z,y) € Ry, the (z,y)-entry of right hand side of Eq. (11) is 71’3 (p(x0), p(z) — p(y)). So Eq. (11) holds if
and only if A is a tree, if and only if the balanced condition

Yo = Y pz)=alp@) - p(y)

z€l; (z)NL; (y) z€l (z)Ny (y)

holds.

Theorem 9.12

Let X = (X, {R:}o<i<a) be a P-polynomial association scheme. Let p = pg be the spherical repre-
sentation of X with respect to E = E;. Let p be non-degenerate and {1,2}-balance. Then X is a
Q-polynomial association scheme with respect to Fj.

Proof. This proof can be divided into four steps (I) to (IV).
(I) Let (z,y) € Ry, then the balanced condition holds.
(IT) For A* = Aj(z), then
d

A1AYAy — Ay A A = Z'YiQ(A*Ak - AkA*) (12)
k=1

(III) Let A = Ay, there exists f,7,0 € R such that
ABA* — A*A® — (B+1)(A%A*A — AA*A%) — y(A%A* — A*A?) — §(AA* —A*A) =0 (13)
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(IV) A is a path (i.e., X is a Q-polynomial association scheme with respect to E).

Proof of Step (I).
Yoo - Y p)=alp(@) - py)),

z€l1(z) N2 (y) 2€T2(z) NT1(y)

Wltha—’le—p]_Qei z% D
Proof of Step (II). Let (x,y) € Ry. Consider the entries of both sides of Eq. (12). From left side, we have
(A1A*As — As A™ A7) (2, y)
:ZAlxz 1(z,2)As(z,y) — ZAQJ}Z 1(z,2)A1(2,9)

zeX zeX
= > (p(20), p(2)) — > (p(x0), p(2))
z€l1(z) NT2(y) z€la(x) NT1(y)

(p(z0), a(p(x) — p(y)))

while,

d
D o (ATA = AAT) (2, y)

=1
=7 o (A (z,2) — A*(y,y))
=71 5 (p(0), p(x) — p(y))-

Hence Step (II) holds.
O

Proof of Step (III). Since X is a P-polynomial association scheme pf , = 0 for k € {4,5,...,d}, so 7f, = 0.
Then, by Eq. (12) we have
AlA*Ag — AQA*Al
:’YiQ(A*AS — A3A*) =+ ’}/%72(14*142 — AQA*) + ’}/%72(14*141 — AlA*)
In the case that 7:1372 # 0. Since X is P-polynomial association scheme, there exists a polynomial

v;(x)satisfied that
Ai = Ui(Al) = 'U,L(A)
Suppose that
v3(x) = azx® + azx® + ayx + ag

with ag # 0. Then

A*Ag — A3A* = A*’Ug(A) — ’Ug(A)A*
= A* (a3A3 —+ a2A2 —+ alA —+ a()I) — (a3A3 —+ a2A2 —+ alA —+ QQI)A* (14)
=a3(A*A® — A3A*) + ap(A*A? — A2A%) 4 a1 (A*A — AAY)
So by Egs. (13) and (14), A3A*—A*A3isa linear combination of A2A*A—AA*A? A2A*—A* A%, AA*— A*A.
In the case that 71 5 = 0. We obtain that 'yl 5 =0, pzf o # 0 since X is P-polynomial association scheme. It
implies that 67 = 05, then 7§, = 0 for k = 1,2,...,d, by Step (I). And by Step (II), A; A* Ay — Ay A*A; = 0.
Mulitiply E; from the left and E; from the rlght we have
=FE;(A1A" Ay — A A" A1) E;
= (P1(0)P2(j) — P2(i)P1(j)) B ATE;
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Let 0, = Py (k), then Ps(k) = v2(0r), so (0;v2(0;)—v2(0;)0;)E; A*E; = 0. Consider i, j(i # j) such that q{z #
0, this implies E; A*E; # 0. Since va(x) = é(a:2 —a1x—k), we get 0;02(0;) —v2(0;)0; = =(0; —0,)(0:0; + k).

Cc2

Since 6, 01, . .., 04 are distinct real numbers, for i, j(i # j) such that q{z # 0, we get 0,0, = —k # 0.
Since p is non-degenerate and q{Z # 0 and 7,j are connected by an edge in A, then there exists j' €

{0,...,d} such that q{,z #0. S0 0,0; = 0,0, = —k # 0, it implies §; = 0;; which is impossible.
O

Proof of Step (IV). Since p is non-degenerate and A is connected, we want to show that each degree of A is
at most 2. Choose a vertex i of A such that ¢f ; # 0, then E;A*E; # 0. By Eq. (13), multiply F; from the
left and FE; from the right, then we have:

0=Fi(A%A" — A*A% — (B +1)(AZA"A — AA*A?) — y(A2A* — A*A?) — §(AA* — A*A))E;
= (6} — 67 — (B+1)(070; — 0,67) — v(67 — 07) — 6(0; — 6,;))E; A" E;
= (0; — 0;)(07 — 80,0, + 67 —~v(0; + 6;) — 6)E; A" E;

So if we fix 6, then 6, is a root of a quadratic equation (they are all distinct), so there are at most 2 verties
adjacent to 4. O

O

Question 9.1

Under what condition, Q-polynomial condition implies P-polynomial condition?

10 Some Open Problems

10.1 Dual balanced condition
Question 10.1

We know that balanced condition is equivalent to Ag is a tree. Does it have a dual balanced condition
to show the equivalence of A4 is a tree?

10.2 Classification of P-polynomial commutative association scheme with va-
lency ky =3

See
» Biggs - Boshier - Shawe - Taylor. | ] Cubic (k1 = 3) distance regular graphs.

o Bannai - Tto. | , , , | Distance-regular graph with fixed valency I-IV.

10.3 Bannai-Ito conjucture

Conjecture 10.2: Bannai-Ito Conjucture

For each fixed k > 3, there are only finitely many P-polynomial association scheme.

e Bang-Dubickas-Koolen-Moulton | ] pointed that there are only finitely many distance-regular
graphs of fixed valency greater than two.

e Yamazaki | | completes the case on symmetric association scheme with k1 = 3 (primitive or with
some weaker condition but with some conditions).
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e Bannai-Bannai | | complete the case on primitive symmetric associations with m; = 3.
We want to drop this condition to m; = 4, or Q-polynomial association scheme cases.
e Martin-Williford | ] show that there are finitely many Q-polynomial association schemes with

given multiplicity at least 3 (m; > 3).

10.4 Remaining problems

Problem 10.3
e Try to classify Q-polynomial association scheme with m; = 3.

o Try to classify symmetric association scheme with m; = 3 with balanced condition. (Question:
Are there only finitely many?)

o Try to classify symmetric association scheme with m; = 3. On the other word, pg is non-
degenerate.

van Dam-Koolen-Park completes the case of partially metric association scheme with a multiplicity three.
Can we study the problem in this paper by [ |’s paper? O

11 Linear programming (after Delsarte)

11.1 Linear programming method

We let (X, {R;}o<ica) be a symmetric association D = {0,1,...,d}, D* = D\ {0}, M € D, 0 € M and
M* = M\ {0}. Let C be a (d+ 1) x (d + 1) matrix whose rows and columns are parametrized by D,
C = (C}(1))o<i,j<a with Cy(¢) = 1. We consider the following two problems.

Problem: (C, M)
Under

Condition 1

> a;Cj(i) >0, je D
€M
a; >0, ie M

makes

g = Z alCo(z) = Z a;

ieM i€ M

maximum.
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Problem: (C, M)’
Under

Condition 2

> 0;Cyi) <0, i€ M

Condition 1, then a is called a program of (C, M).

If a gives the max value of g, it is called the max program.

a program of (C, M)’

If a gives the min value of +, it is called the min program.
e (C, M) is called feasible if there is a program a of (C, M).
e (C,M)" is called feasible if there is a program « of (C, M)’

jeD

a; >0, jeD%

makes
= a;C;(0)

jeED
minimum.
Definition 11.1

o M| =m+1,a vector @ = (ag,a1,...,a,) € R™ is indexed by M. If a satisfies ag = 1 and

e a=(ap,...,aq) € R is indexed by D. If a satisfies ap = 1 and Condition 2, then « is called

Proposition 11.2

Let a and a be programs of (C, M) and (C, M)’ respectively, then g < ~.

Proof. By Condition 1,
aoC;(0) + Y a;C5(i) > 0.
ieM*
So,
Z azC](z) > —QQOJ’(O) = —Cj(O), Jj e D*.
ieM*

So,

Z a ( Z a;C;(i)) > — Z a;C;(0) =1— Zajcj(()) =1-—1.

jeD*  ieM* jeD* jebD
While, by Condition 2
> a;Ci(i) < —agColi) = —1, i € M*.

jeD*

So,
Z ai( Z OéjCj(i)) S — Z a; = 1 —g.
ieM* jeD* ieM*

By Egs. (15) and (16), 1 —y <1 — g and thus g < 7.
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Theorem 11.3

Let Problem (C, M) and Problem (C, M)’ be feasible. Then there are a maximum program and a
minimum program with max g = go and miny = ¢ and gy = Y-

Before proving the theorem, we need to do some preparations.

Definition 11.4

Q) € R™ is called a closed convex cone if the following are satisfied:

(1) For every z,y € Q and 0 < XA <1, we have Az + (1 — Ny € O

(2) For every x € Q and a > 0, we have ax € Q.

Let Q be a closed convex cone, define
'={ueR":u-x2>0, forall z € Q}.

Then Q* is also a closed convex cone and it is known that (Q*)* = Q.
For a vector = (z1,...,2,) € R", wesay x > 0ifx; >0, 1 <i < n.

Theorem 11.5

Let A be a m x n matrix, ¢ € R". Suppose c¢-u > 0 for each u € R"™ with Au > 0, then there exists
x € R™, x > 0 such that ¢ = "Az.

Lemma 11.6

Let a be the max program of Problem (C, M). Let o be the min program of Problem (C, M)’. Then

o (Z aicj(i)> =0 forje D", (17)

ieM
and
a; Zajcj(i) =0 forie M. (18)
JjeEM
Conversely, if Egs. (17) and (18) hold for a and «, respectively, then a is the max program of (C, M)
and « is the min program of (C, M)’.

Proof. Let gy be the max program of g. Let vy be the min program of v. So,

go =" = Z a; = Zajcj(0)~

ieM jeD
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Since a; > 0 (by Condition 2),

0 > Z a; Zajcj(i)

ieM* jeD
=Y > @l
jeDieM~
=> <Z a;C;(i) — aon(0)>
jeb ieM
= Z Q; Z aiCj(i) + Z OéoaiCO(i) — Z OéjClon(O)
jeD* €M €M jeD
= Z Qi Z aiC’j(i) +go — %Y = Z Qi Z aZC'](z) > 0.
jeED*  ieM jeD*  ieM
So
Z a; Z O(jCj(i) = Z Q; Z azC](z) = 0.
i€eM*  jeD jED*  ieM

For ¢ € M*,a; > 0, we have
Z OéjCj(i) S 0.
jED

For j € D*, a; <0, we have

Z aiCj (l) Z 0.
ieM
Hence Egs. (17) and (18) hold.

Conversely, if these two relation hold then « is the max program of (C, M) and « is the min program of
(C,M)". O

12 Subsets of an Association Scheme

12.1 Subsets of an association scheme

Definition 12.1

Let X = (X, {Ri}o<i<d) be a symmetric association scheme, D = {0,1,...,d} be the index set, Pand
@ be the first and second eigenmatrices of X. For a subset Y C X, define ay = (ag,a1,...,aq) € ]Rd“,

1
a; = M|Rl N xY)|, forallie D.

Here ay is called the inner distribution of Y, and aj = ayQ = (a§,aj,...,a}) is called the dual
distribution of Y. By is a matrix defined by X x D, its entries are defined by

By (z,i) = |R; N ({z} xY)| = |Y NT;(z)].

By is called the outer distribution of Y. Define 1y as the characteristic vector of Y,

1 ifzey;
Yrie)= {o ifz¢y.

LY



Sometimes we write W,y = W,. For a vector u = (ug,. ..,

u,) € R", we define a diagonal matrix,

Uy
Ay =
Uy
Proposition 12.2
Y Cc X, ay = (agp,a1,...,aq), then
(1) ap =1;
(2) af = Tisgai =Y
Proof. 1t is clear by the definition.
Proposition 12.3
(1) a1 = |71|t1/JyAi¢Y;
(2) By = [AoYpy, A1dy, ..., Aapy];
(3) ay = 37 "y By-
Proof. (1)
iG] thAz¢Y |}1,| (w,ygxyAi(x’y) =a;

(2) For (z,i) € X x D,

(Aivy) () = > Ai(z, 2)vy (2)

=Y NT;(z)| = By (z,1)

zeY
So A;vyy is the i-th column of By.
(3)
1
ﬁ %y By
1
[ YWy Aoy, t'l/)YAlw}’v T Wy Aaty]
Y| Y| Y|
—(ao,al, sy ad) = ay.
Theorem 12.4
¢ _ Yl
By By PAgs P.
Xl
Proof. By Proposition 12.3 (2),
('By By)(i,§) = (Aity) - (Aj0y) = Wy AjAjy

d d
=0k oy Ay = [V pEjap.

k=0
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k=0 =0
So .
(‘By By )( )—m;azﬂ(ﬁ)ﬂ(ﬁ) |X|(PA .+ P) (i, j)-

Corollary 12.5

Rank of By = |{i : af # 0}].

Theorem 12.6

Let Y C X, and then aj, > 0 for every k € D. The following 3 conditions are equivalent.

(1) ar =0;
(2) ByQr =0;
(3) Exypy =0.

Proof. (1) < (2) By Theorem 12.4,

('Q'By)ByQ = L Q('PAG PYQ = X - [V]Aas

Y
| X
Compare the diagonal entry of both sides,

Y (ByQ)(,k)* = |X|[Y]aj, k=0,1,....d

zeX

Hence (ByQ)(x, k) =0, for all z € X and then aj = 0. Moreover a; = 0 if and only if (ByQ)(z, k) = 0, for
all z € X.
(1) & (3) By Proposition 12.3 (1), a; = ﬁ iy Aptby . Then we have

ap = da;Qx(i) = Z |Y| Wy Ay Qi
i=0

_ X1y | | ¢

= Yy Exypy = % vy BBy
| X] ¢

= —(F E .
V| (Exby ) (Exyy)
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Definition 12.7

Let ay = (ag,a1,...,aq) be the inner distribution of Y and a} = (a§,a1,...,a)) be the dual inner
distribution of Y. Then,

(1) 6 =min{i: a; # 0,7 > 1}, 6* = min{i : ax; # 0,7 > 1} are called minimum distance and dual
minimum distance of Y respectively;

(2) s={i:a; #0,i > 1}|, s* = {i : ax; # 0,1 > 1} are defined as the degree and dual degree of

Y;
() t=max{i:af=a5=---=af =0,i> 1} = §* — 1 is called strength of Y.
We introduce some notations. For any u = (ug, u1, ..., uq) € R we can also define t(u) = max{i : u; =
ug=---=u; =0} and s(u) = [{i:u; 0,1 <i < d}.

Theorem 12.8: Mac Williams inequality

u = (uog, U1, . .., Uq) eRM ug #£0

%
s
&

(1) Let X be a P-polynomial association scheme then s(u - Q) >

(2) Let X be a Q-polynomial association scheme then s(u - P) > [=5~].

Remark 12.9

Proof of (2) is very similar to that of (1). So, we just discuss proof of (1).

Corollary 12.10

Let X be a Q-polynomial association scheme. If Y C X, then s > [%]

Proof. Set u = a3} =ayQ, up =af > 0. So s = s(ay) = s(uP) > [@] = [t(c;;)] =[L]. O
Now we turn to the proof of Mac Williams inequality.

Proof of Theorem 12.8. Write §; = P;(i),0 < i < d. By the property of P-polynomial scheme, there exists
polynomials: vy (z) of degree k such that Py (i) = vi(6;).
By the definition, we have
UL = U =0 = Ug(y) = 0.

We want to get a contradiction, assuming

s(uQ) < F(u)} .

2

Let s = s(u@®) and {v1,va,...,vs} = {i : u@; # 0,7 # 0}. Let h(2) be a polynomial of degree [@] —s—1(>
0) such that h(6;) #0 for i =0,1,...,d. Set
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with 6, = 6p. Then

= for i ;
f(gz) 0 OI"L.E {anlal/?, ,VS},
#0 fori¢ {0,v1,va,...,Us}.

Since deg(f(2)?) =2 [M},
f(2)? = bovo(2) 4+ b1v1(2) + - -+ + by Vg i (2).
2[=52]2[=57]
For each i with 2 [“42] +1 < i < d, define b; = 0 and set b = (bo,bi,...,ba). Since 2[2] +1 =
t(u) or t(u) + 1, we obtain

uQ (b'P) = uQ'Pb = |X| Y duib; = | X |uobo.
=0

Since

d d
(b'P)(v;) =Y biPr(v;) =Y broi(0,) = (f(6,,))° =0, 0<j<s
k=0 k=0

So u@ t(btP) = 0. Since ug # 0, bg = 0. Therefore

d d d
D F(6:)%Qi(0) =D D b Pi(D)Qi(0) = [ X]|bo = 0.
i=0 i=0 j=0
Since f(6;)% > 0, for i ¢ {0,v1,v9,---,vs} and Q;(0) = m; > 0. This is impossible. O

12.2 Codes in P-polynomial association schemes

Let (X, {R;i}o<i<d) be a P-polynomial association scheme w.r.t. the ordering Ao, A1, ..., Aq and k1 = 6y >
61 > --- > 04 be the distinct eigenvalues of A;. We define d(z,y) =i if (z,y) € R;. Let ¢ be the minimum

distance of Y, namely, § = min{d(z,y)|z,y € Y,z # y} = t(ay) + 1. So s* = s(a}) > [*F].

Definition 12.11: Perfect e-code

Let X = (X, {R;}o<i<a) be a P-polynomial association scheme. A nonempty subset Y C X is called a
perfect e-code in X if X can be partitioned as the following disjoint union

X = |J{z e X|o(z,y) <e}.

yeY

Since {z € X|0(z,y) < e}| = Y i_oki, if Y is a perfect e-code, then |Y|(ko + ki + --- + ko) = |X|. If
§ > 2e+ 1, then for two distinct points y1,y2 € Y, we have {x € X|0(z,y1) < e}z € X|0(z,y2) <e} =0
which implies that |Y|(ko + k1 + -+ ke) < | X|.

Theorem 12.12: Lloyd theorem

Let Y C X be a code in P-polynomial association scheme X = (X, {R; }o<i<q) and 6 be the minimum
5—1

diameter of Y. Set e = [T]v then we have the following results.
(1) [Y|(ko + k1 + -+ ke) < |X].
(2) If “=” holds in (1), then s* = s(a}.) =e.
Moreover, the following polynomial
Ve(z) = vo(2) +v1(2) + -+ +ve(2)

has e distinct zeros 8, corresponding to aj, # 0, where v;(2) are the polynomials corresponding to the
P-polynomial association scheme so that A; = v;(A;).
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Proof. (1) We have proved that M = {0,6,6 + 1,...,d}. Consider the linear programming

d
0<ayQr =Y aQr(i) =Y aQx),

=0 ieM

Y= a.

€M

So ay is a program for (@, M), since ap = 1 and a; > 0 for i € M*.
Let K, := W (6p) = > Pj(6p) = > k; and define @ = (ag, a1, ..., aq) € R by
3=0 3=0

o — (‘I’e(9j)>2
J Ke .
W, (6

2
Then o = (TSO)) =1and a; = 0 for j € D*. Note that

myPi(7) _ myvi6;)

Qi) = Ml = T
So
d
(@'Q)(i) = > a;Q,(0)

j=0

_ d (We(ﬂj)>2m]m(03)
=0 Ke kz

_ ! 3 U, (0,)> 6 19

= X Jz::O e(07)"m;vi(6;). (19)

The polynomial ¥.(z)? is of degree 2e, then it has the following expansion.

U.(2)? = Z vy (2).
v=0

Since e = [5%1]7 we have 2e = § — 1 if § is odd and 2e = ¢ — 2 if § is even, namely, 2e < §. Recall the second

orthogonal relation in Theorem 3.3:

So for any ¢ € M*, we have




Therefore a = (g, @y, . .., aq) is a program for Problem (Q, M)’. Next we want to show ¢g = K,.

d e
> mu(We(6,) ZmUZZP Pi(v) = |X|k; = |X|K..
v=0

=0 j=0 =0

On the other hand,
d d
Zmy(qje(eu))z = ZQI/ ch i *CO|X|~
v=0 v=0

Put i = 0 in Eq. (19).

’Y:Zanj( KQ]COZ\IJ vaOQ)

jeD
d
=% LSS conbmsun(0)
€ j=0v=0
1 2e d 1
~ K2 ZCVZmJ'PV(j)PO(j) = ﬁco|X|. (20)
€ v=0 7=0 e

This implies that v = % Hence

E

d
\Y|:Zaz—2az—g ol
=0

€M

This complete the proof of the first statement.

(2) If “=” holds in (1), then a is the max. program for (Q, M) and « is the min. program for (Q,M)’.
Using Eq. (17), we have

aj(z a;iQ;(i)) = aja; =0 for j € D*.

So for each j € D* with a} # 0, we get a; =0, i.e., ¥.(6;) = 0. Note that W.(2) is a polynomial of degree
e and 6,01, ...,60,4 are distinct real numbers. So s* = s(a}.) < e. While by MacWilliam’s inequality,

& = s(ayQ) > [t(ay)] _ [5—1} .

2 2

12.3 Designs in Q-polynomial association schemes

Let X = (X, {R;}o<i<d) be a Q-polynomial association scheme and Y be a non-empty subset of X. Please
recall that ay = (ag,a1,...,aq) and a} = ay@ = (af,af,...,a}) are respectively the inner distribution
and the dual distribution of Y. We shall first discuss the origin of concept of ¢-designs. Let C' C F7* be a
linear code and its dual code is given by

t={yeF:z-y=02€eC}

Define the weight enumerator of C' as follows.

an w(c) w(c)_zaxn % zEny]

ceC
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where w(c) = #{i : ¢; # 0} and a; = #{y € C : w(y) = i}. The following MacWilliam’s identity is well
known and the proof is available from any book in coding theory.

1
ch(x + (¢ -y, z—y).

Using MacWilliam’s identity, we obtain the weight enumerator of C+ as follows.

VVC'i (ﬂf,y) =

Theorem 12.13

Let @ be the second eigenmatrix of H(n,q), then

Wei(z,y) = Z alz" "yt
i=0

! ! !

where a’ = I—l‘aQ = (ap,ay,...,a,) and a = (ag,a,...,a,).

Proof.
Wer(w,y) =Y aja™ 'y’
We(z+ (g -1y, z —y)

il

= Zay(fv +(@—1)y)" " (z—y)"

= Z 23 <”_ ) (;) (q— 1) tat Tyt

£=0 k=0
n n I
u pn+e -V v -1 n—v—~_0 . n—u
“ e B () (e
pn=0r=0
- n pu—v—e [V v 1 n—v—~0_ n—u, i
“a e e () e
1 - n—v\ (v
- 5 —1)¥(g—1)*¢ n—fh,
LEE S () ()
p=0v=0  £=0
1 n n o
= il Z ZayQﬂ(l/)x By,
pn=0r=0
O
Denote by af, = acQ = (ai,aj,...,a}) the dual distribution of C. The minimum distance of C+ is defined
by the maximum integer ¢ so that aj = a3 = --- = af = 0 and af,, # 0. The integer ¢ here is called the

strength and the above condition is equivalent that C' is a t-design in H(n,q). In 1973, Delsarte | ]
generalized this concept to any Q-polynomial association scheme.

Definition 12.14: ¢-designs in a Q-polynomial association scheme

Let X = (X, {R;}o<i<a) be a Q-polynomial association scheme and ¥ be a non-empty subset of X. Let
ay = (af,a,...,a}) be the dual distribution of Y. The subset Y is called a t-design in X if a} = 0 for
i=1,2,...,1

Using Theorem 12.6, we have two equivalent conditions for ¢-designs.
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(1) Eiil}y:OfOYi:l,Q,...,t.
(2) By@Q;=0fori=1,2,...,t.

More generally, we may consider any subset T C {1,2,...,d}

Definition 12.15: Designs of harmonic index 7" in a Q-polynomial association scheme

Let X = (X, {R;}o<i<a) be a Q-polynomial association scheme. A non-empty subset ¥ C X is called a
T-design (or design of harmonic index T) in X if a} =0 for i € T

The integer ¢ in Definition 12.14 is known as the strength of Y. Mac Williams inequality shows that the
degree s > [%]

Theorem 12.16

Let Y be a t-design in a Q-polynomial association scheme. Set e = [%], then the following two
statements hold.
(1) Y| Zmo+mq+ - +me.
(2) If “=” holds in (1), then s = s(ay) = e. The polynomial
Vi(z) = vg(2) +vi(z) + -+ +vo(2)

has e zeros §; corresponding to e indices k s.t. aj # 0.

Note that 0; = Q;(k) = v;(6};),where v} (%) is a polynomial of degree i corresponding to the Q-structure.

We shall prove this theorem later using linear programming.

Definition 12.17

Let Y be a tight 2e-design in a Q-polynomial association scheme. Then Y is called tight if |Y|
mo+mq 4+ -+ Me.

Proof of Theorem 12.16. (1) Suppose Y is a t-design and set b = Dl’l = (bg,b1,...,bq). Then by = ‘71|a5 =

1
and b; = gya; > 0 for 1 <i < d. Let M = {0, +1,....d}, then Y is a t-design if and only if by = by =
---=by; =0. For each k € D,

d d d
Z bZPk(Z) = Z biPk<i) = Z ﬁ Zaz@i(f)Pk(lj = éf(lak > 0. (21)
€M =0 =0 £=0

So b is a program for the Problem (P, M) and b makes g = > b; maximal. Then g = % by putting £ =0
ieM
in Eq. (21). Suppose K} = mg 4+ my + - - - + m, and define

T*(6)\ 2
Bj< =(07)

K > , for0<y<d

w ey \ 2 e e
Then Gy = (‘P}SZ“)) =1, since U2(65) = > v} (6o) = > m;. The polynomial of (U#(2))? is of degree, then
¢ i=0 i=0
2e
(T2(2)* =D civi(2)
=0
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For each ¢t € M*, we get

S 5P, % SO WEH0))2Qi )k

jeD jeD

ZZ%Q@

JED@ 0

Z ¢ D Qe
£=0 jeD
Since e = [L], if i € M*, then i > ¢t + 1 > 2e. This implies that Y. 8;P;(i) = 0. Therefore 8 =
jeD
(Bo, B1, - -, Ba) is a program for the Problem (P, M)’ minimizing

Y= ZﬁJ‘PJ(O)

jeb

d
Next we will prove ¢ = K. Calculate Y ko(¥7(0;))? in two different ways. On one hand, we have
=0

S w0 =3k 33 00,0

= 7,0]0

=> Z Z m; Py(i)Q; ()

i=0 j=0 ¢=0

= XY ms = XK.

On the other hand,

M=

d
ko(WE(07))% = ke ZCQ]
7=0

£=0

~
I
o

N

)

d
cj ZPZ = |X|cj.

7=0 {=0
So ¢f = K} and
v=YBiP |XL(;0 |I§—|
jeD €
Therefore % =g<n= ‘ff‘ namely, |Y| > mo +mq + - + me.

(2) If “=" holds in (1), then b is the maximum program for the Problem (P, M) and § is the minimum
program for the Problem (P, M)’. By Lemma 11.6, we have

83" b:Pi(i)) =0, for j € D",

ieM
Since Y b;P;(i) = ‘I ‘|a], for each j € D* with a; # 0, we get 3; = 0, namely, W;(07) = 0. Since V(z)
i€M
is a polynomial of degree e and 6,07, . .., 60} are all distinct, we get s < e. Note that s(ay) = s(ayQP) =
s(ay P). By MacWilliam’s inequality, s = s(ay) > {@] = e. This concludes the proof. O
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12.4 Strength and degree of designs in Q-polynomial association schemes

Let X = (X, {Ri}o<i<d) be a Q-polynomial association scheme and Y be a non-empty subset of X. The
strength ¢ is the maximum positive integer such that aj = a3 = --- = af = 0 and af,; # 0. The degree s of
Y is defined by s = [{i : a; # 0,1 < i < d}|. We also call Y an s-distance set.

Theorem 12.18

Let X = (X, {R;}o<i<a) be a Q-polynomial association scheme and Y be a non-empty subset of X with
strength ¢ and degree s. Set e = [%]. Then

1) Y| <mo+my+ -+ ms.
(2) If “=" holds in (1), then s = e, namely, Y| =mo+ m1 + -+ + me.

Proof. (1) Since X is symmetric, there exists an orthogonal matrix U which simultaneously diagonalizes all
the matrices in the Bose-Mesner algebra 2. Namely,

U 'E;U = diag(0,...,0,1,...,1,0,...,0) := Tj.
v
We may assume U is a matrix whose rows and columns are indexed respectively by X and X’ with | X| = | X'|.
Define X! = {z € X : T;(z,2) = 1}. Then |X/| =m; and X' = X, U X{U---UX). Let H; be the matrix
parametrized by Y x X/ which is defined by
v) = VIX|U@,y), (z.9)€Y xX].

Then Hy is the all one column of length |Y| and, for each (z,y) € Y x Y, we have

(H; *H;) =Y Hi(z,2)Hi(y,2) = |X| Y U(z,2)U(y, 2)
z€X] z€X]
= XY U, 2)Ti(w,2)U(y, z) = | X|Ei(x,y)
zeX

_ZQZ VAi(z,y) = ZU (07)Ae(z,y),

the last equality is obtained due to 6} = Ql( ) and Q;(£) = v} (6;). Since the degree of Y is s, for the inner
distribution ay = (ag, a1, ..., aq), let {¢1,4a,...,€s} C D* such that {¢1,0a,... . 0} ={€:a; #0,1 < ¢ < d}.
Take M = {0,¢1,4s,...,¢:} and consider the following polynomial.

S

Y]
F(z) = TT5 (o _ v (z—0z,).
[Tizo(05 - 07) 211) b
Then F'(05) = |Y| and F(2) is a polynomial of degree s having zeros 0} ,0;,,...,0; . Set
=D i), HER j=01,..,s
—

Then we have

Y| = ng v;(05) = fomo + fimi + -+ foms. (22)

Consider the (z,y)-th entry of ijo fiH,;
ijHH )z, y) ZfJZv (07)Ae(z,y)
3=0 7=0 =

—Zquez Ag(z,y) = Z (07) Ag(, ). (23)
=0

=0 =0
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For (z,y) € Y x Y, the ¢-the term in Z(ei:o F(07)A¢(z,y) remains only these with B, N (Y x Y) # (. So, if
we assume £y = 0, then

d
ZFGZAg:cy ZFGZ VA, (z,y)
=0

=0
= F(05)Ao(x,y) = 05,|Y]. (24)

We construct a matrix H of size |Y| X (mg +my +---+m.) by H = [Hy, H1,..., Hg]. Furthermore, let A
be a matrix indexed by US_ X/ x Ui_y X/ such that A(z,z) = f; if z € X]. It follows from Egs. (23) and
(24) that

HA'H = |Y|I.

Then the rank of HA'H is |Y|. While the rank of HA'H is the sum of m; such that f; # 0 for 0 < i < s, so

|Y|<m0+m1—|— -+ mg.

(2) Suppose “=” holds in (1), that is |Y| =mo + m1 + -+ - + m,. Using Eq. (22),
m0—|—m1—|—~~~—|—ms:fomo—l—flm1+--~+f9ms. (25)

Suppose H is a regular matrix, namely, H'H = 'HH. Then A~! = IY\ 'HH. Moreover, 'HH is positive

definite which implies that f; > 0 for all ¢ = 0,1,...,s. In particular, fy = 1. Next we want to show that
0< fi<1lforl<i<d. Foreach (e M*, wehave F'(¢;) = 0. Then v;(6;) = Q;(¢) = 0, since f; > 0 for
0 < j <s. Here we define f; =0for s +1 < j <d, so

> Qi) =0. (26)

jeD

D a0 1,040

teM jebD
in two different ways. Note that ag = 1 and ay = 0 for each ¢ € D*\M. By Eq. (22) and Eq. (26), we have

D> aQi(0) Y Q500 = Qi(0) Y £Q;0)+ D ai(0) > £Q;(0)

We shall calculate

LeM JjeED JjED LeM* jeED
=m; Y f;Q;(0) = [Y|m,. (27)
JjeD

On the other hand, using Theorem 3.3 (7), Proposition 3.5 (3) and Proposition 12.2, we obtain

D)) £ =Y ary fi Y ahQx®)

teM jeD teD jeD keD

=Y > fidh Y (o)

keD jeD LeD

=Y fia Y aQo(O)+ D> fiah Y aQn(l)

jeED LeD keD* jeD LeD

=fmalY[+ > > fidar (28)

keD* jED

Egs. (27) and (28) imply that

|Y|mz( 1 - Z Z .quUak (29)
keD* jeD
Since every term in the RHS of Eq. (29) is non-negative, we get 0 < f; < 1. It follows from Eq. (25) that
fo=fi=---= fs = 1. Moreover, A is the identity matrix which amounts to ‘HH = H'H = |Y|I, namely,
trr Tr YT ifi=yj,
A &0
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Let ||A]|? denote the sum of all entries squared of matrix A. Then

=Y Y (e - Y S (z Hi<z,x>Hj<z,y>)

reEX] yeX] zEX] yeX] \z€Y
D3 (z Hi<z,x>Hj<z,y>> (z Hi<w,x>Hj<w,y>)
zeEX; yeX] \z2€Y weY

Z Z Hi(z,2)H;(w, x) Z Hj(z,y)Hj(w,y)

z,weY \zeX] yer/,
= Z |X|2Ei(zaw)Ej(sz)
zZ,weY
=1X| Y X|(Ei0 Ej)(z,w)
zZ,weY
d d
=X Y > diiEe(zw) = |X|) qf; Wy Bty (31)
z,weY £=0 =0

d
It follows from Eq. (30) that for any 0 < @ # j < s the identity ) qu YWy Epby = 0 holds. Since qu are
=0

non-negative and 4y Eppy = 0 > 0,for 0 <i#j<sandf € D, we get YWy Eppy = 0. In particular,
1<0<2s—1ifi+j=~( While g >0, then
Wy Eppy =0, for 0=1,2,...,2s— 1.

Equivalently, aj = 0 for £ = 1,2,...,2s — 1. By putting i = j = s in Egs. (30) and (31), the following
identity holds.
ms|Y]* = || 'Hy H||?
= ¢0.IX| ("y Eotry) + 1X1¢2% ("by Eastby)
=my|Y* + X% (Yy Eastby ) .

However qfi > 0 since X is a Q-polynomial association scheme, then %)y Eogtby = 0. Finally, if 1 < £ < 2s,
e.

then Eypy = 0 which implies that 2s < t. Wile s > [%] by MacWilliam’s inequality, so s = [%] = O

13 Classical t-designs and designs in Johnson association schemes

It is known that Johnson association schemes J(v,k) are P- and Q-polynomial association schemes. In
this section we will discuss the classical t-(v, k, \) designs which are equivalent to ¢-designs in J(v, k) for
Q-structure.

Definition 13.1: Classical t-designs

Let v, k, A be positive integers such that 1 < k < v. Let V be a finite set (as points set) of cardinality
v and B C (‘Ig), the collection of some k-subsets of V' which is called block set. The pair (V,B) is

called a t-(v, k, X) design if for each T'C (%) the following condition holds.

{BeB:T C B} =X>0,

where A is a constant which does not depend on the choice of T'.
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Proposition 13.2

If (V,B) is a t-(v, k, \) design, then, for 0 < s < t, it must be an s-(v, k, As) design with
=20/
t—s t—s

In particular, |B] = Ao = (”)/(k) A.

i t

Proof. For each S € (‘S/) with 0 < s < ¢, define
AS):=#{BeB:TC B}.

Calculating the number of paris of (T, B) € (‘t/) X (‘Ig) such that S C T C B in two ways, we get

(0= ()

In the following, we use Y instead of (V,B) to denote a non-empty subset of (Z) Next we will prove the
equivalence between ¢-(v, k, A) designs and t-designs in J (v, k).

O

Theorem 13.3

Let J(v, k) = (X, {R;}o<i<r be Johnson association scheme and Y be a non-empty subset of X. Then
Y is a t-(v, k, \) design if and only if it is a t-design in J(v, k) for Q-structure in the sense of Delsarte
(given in Definition 12.14).

Proof. Suppose Y is a t-(v, k, \) design. Construct a matrix indexed by X x (‘Z/) as follows:

1 if &€ Cux;
0 otherwise.

M) = {

By Proposition 13.2, for 0 < i < ¢, we have

N ) v g | ( —)

(22 () IXI\k—i

E
The characteristic vector of X and Y are respectively denoted by ©¥x and ty. Then for each £ € (Y), the
following identity holds.

(‘Miy)(&) = Y Mi(x, )iy (2) = Y Mi(y, &) = #{y €Y : £ Cy} =\

rzeX yey

On the other hand,

(‘Mx)(€) =D Mi(z, &) =#{zr e X £ Ca} = (vz>

k—i
reX

Therefore tMti = |‘XL|‘ tMiwx. Please recall the following matrix C; defined in Eq. (8).

e
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It is proved in Proposition 8.6 that C; = M; "M;. So for each i with 0 < i < ¢, it is true that C;ypy =

%Cﬂbx. We have also mentioned in Proposition 8.4 that (Cy,C4,...,C,) = (Ey, E1,...,E,) for each

re D ={0,1,...,k}. Then we regard J(v, k) as a O-polynomial association scheme w.r.t. the ordering of
Eo,E1,...,E. So Eqapy = %Eiwx for i = 0,1,...,¢. In fact, if 1 < i < ¢, then E;iox = 0 since by is

the all one column vector and F;Eg = 0. So Y is a t-design in J(v, k) for Q-structure in the sense of Delsarte.

Conversely, let Y be a t-design in J(v, k) for Q-structure. We can assume that E;iy = %Eﬂﬁx for

0 < i<t Infact, if i # 0, then E;py = 0 and Egvy = ‘Ylwx = mz/}X = %Eolﬁx- From the above

v 17 1X]
discussion, we have M, ‘M;y = %M,- My, ie.,

Y
(M; "M;) (1/}1/ - ||X||Mz tMHPX) =0.
Equivalently, for « = 0,1,...,t, it is true that
Y]
My = I ‘Mipx.
Yy IX| Yx

Note that ("M;¢y)(€) = #{y € Y : £ Cy} and ("M;¢x)(€) =#{x € X : £ C 2} = (}_}), then

Y] (v—i f)
X = ("Mipy)(€) = 1= ) =Y
| X \k—1 ()
which means that Y is a i-(v, k, \;) design for i = 0,1,...,t. O

Similarly we can consider ¢-designs in Hamming association schemes H(d, ¢). This concept is equivalent
to so-called orthogonal array of strength ¢ which was introduced by Rao | ] in 1947.

Definition 13.4: Orthogonal array

Let F be a finite set of cardinality ¢ and set X = F? A non-empty subset ¥ C X is called an
orthogonal array of strength (at least) ¢ if for each z = (z1,29,...,24) € X and a given set L =
{l1,4s,...,4} the following identity holds.

Hy = (y1,y2,---,ya) €Y 190 = 20, € L} = A >0,

where A is determined by ¢ not depending on the choice of z and L.

14 Perfect e-codes and tight 2e-designs

In this section, we will summarize the current results on the classification problem of perfect e-codes and
tight 2e-designs in H(d, q) and J(v, k).

14.1 Classification of perfect e-codes in H(d, q)

Perfect e-codes in H(d, q) are very rare.

Example 14.1

1) If e > d, then |Y]| =1 as trivial example.

3

(1)
(2) For any e € Z*, then |Y| =2 and Y is a d-cube for d = 2e + 1 which is almost trivial.
(3) e =3, d=23, ¢ =2: binary Golay code with Y| = 223.

(4)

4) e =2,d =11, ¢ = 3: ternary Golay code with |Y| = 36.
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History of the study of perfect e-codes in H(d, q).

(1)

(2)

(7)

Tietaviinen-Perko [ | classified the perfect e-codes in H(n,2) for each fixed e.

Theorem 14.2

Perfect e-codes are either trivial, Hamming codes of length d = 2"~! and error radius e = 1, or

the single Golay code with d = 23 and e = 3.

A long-standing conjecture was that there are no other linear or nonlinear perfect e-codes over any
finite field. Van Lint | | showed that this is true if e > 3 and ¢ = p” with prime p > e and e < 7.

Tietavéinen [ | proved there are no unknown perfect e-codes over finite fields for each fixed e. This
argument mainly used Lloyd’s polynomial and the condition Zf:o (?) | 2¢.

Bannai | | proved that for each integer e > 3, there are at most finitely many perfect e-codes in
H(d,q) if d > e and ¢ > 2. He made use of Lloyd theorem but this proof cannot be applied for e = 2.

Best [ ] classified perfect e-codes in H(d, q) for e > 3 and arbitrary ¢ except e = 6 and e = 8.

Hong | ] proved that there is no non-trivial perfect e-codes in the H(d,q) for e = 6 or 8 and
arbitrary q. Moreover, he [ ] proved the non-existence of unknown perfect e-code for e > 3 and
q = 3 based on the so-called sphere packing condition and the integrality of the zeros of the Lloyd
polynomial given by Bannai | ]. It follows that tight 2e-designs in the H(n,q), i.e., orthogonal
arrays of strength 2e that achieve the Rao bound, do not exist for e > 3 and ¢ > 3.

The classification problem is open only for e = 1 and e = 2.

(a) Tietévdinen (1977) [ | proved that there are no non-trivial perfect e-codes in H(d, ¢) in the
case that e > 3 and ¢ = pi*p5?, where p; and po are distinct primes, and r; and r; are positive
integers.

(b) Laakso | | extended this non-existence result to the case for ¢ = pi'p5*ps®.

No non-trivial examples of perfect e-codes in J(v, k) are known at all.

14.2 Classification of tight 2e-designs in J(v, k)

The classification problem of tight 2e-designs in J(v, k) is as follows.

If e = 1, there are many examples (i.e., symmetric 2-designs) and the classification seems to be hopeless.

For e = 2, Tto | ] proved that there are exactly two such designs, i.e., the 4-(23,7,1) design and
the 4-(23,16,52) design.

Peterson [ ] proved the non-existence of tight 6-designs.

Xiang | | proved the non-existence of tight 8-designs.

For each fixed e > 5, Bannai | | showed that there are only finitely many tight 2e-designs.
Furthermore, Dukes—Short-Gershman | | showed the non-existence of tight 2e-designs for 5 <
e<9.

It seems that the complete classification for e > 10 is still open.
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s-distance set, 67

adjacency matrix, 7
association scheme, 2
class, 2
commutative, 2
imprimitive, 28
system of imprimitivity, 33
primitive, 28
quotient scheme, 37
subscheme, 34
symmetric, 2

Bannai-Muzycluk criterion, 27
Bose-Mesner algebra, 8
dual Bose-Mesner algebra, 22

character table, 12
closed convex cone, 56
cyclotomic association scheme, 6

design, 69
t-(v, k, \) design, 69
block set, 69
classical t-design, 69
points set, 69
distance regular graph, 38
distribution graph, 29
dual intersection matrix, 20
duality map, 26
self-dual, 26

eigenmatrix, 12
first eigenmatrix, 12
second eigenmatrix, 12

fusion algebra, 21
fusion scheme, 27

group association scheme, 4

Hadamard multiplication, 8
Hamming association scheme, 3, 26, 41
character table, 44

intersection matrix, 19

Johnson association scheme, 4, 26, 41, 69
character table, 45

Krein condition, 19
Linear programming

max program, 55
min program, 55
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linear programming, 54
Lloyd Theorem, 61

Mac Williams inequality, 60

orthogonal relation, 14
first orthogonal relation, 14
second orthogonal relation, 14

P-polynomial association scheme, 39
perfect e-code, 61

primary T-module, 24

principal T-module, 24

Q-polynomial association scheme, 41
T-design, 65
tight, 65
t-design, 64
design of harmonic index T, 65

relation, 2
valency, 9
representation graph, 31

Shrikhande graph, 6
spherical embedding, 47
spherical representation, 47
(i, )-balanced, 48
balanced, 48
dual balanced, 53
non-degenerate, 48
standard basis, 24
dual standard basis, 24
subset of an association scheme, 57, 67
characteristic vector, 57
degree, 60, 67
dual degree, 60
dual distribution, 57, 64
dual minimum distance, 60
inner distribution, 57
minimum distance, 60
orthogonal array, 71
outer distribution, 57
strength, 60, 67

Terwilliger algebra, 22
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