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1 Association Scheme: Definition and Examples

Definition 1.1: Association scheme

Let X be a finite set and Ri ⊂ X ×X be binary relations for i ∈ {0, 1, . . . , d}. X = (X, {Ri}0⩽i⩽d) is
called an association scheme of class d if the conditions (1) to (4) are satisfied. Moreover, an associ-
ation scheme is commutative if the condition (5) satisfied. And an association scheme is symmetric
if the condition (6) satisfied.

(1) R0 = {(x, x) : x ∈ X};

(2) X ×X = R0 ∪R1 ∪ · · · ∪Rd where Ri ∩Rj = ∅ if i ̸= j;

(3) For each i ∈ {0, 1, . . . , d}, Ri
t := {(y, x) : (x, y) ∈ Ri} = Rj for some j ∈ {0, 1, . . . , d}. We use

Ri′ to denote Ri
t ;

(4) For each i, j, k ∈ {0, 1, . . . , d}, the cardinality |{z ∈ X : (x, z) ∈ Ri, (z, y) ∈ Rj}| is a constant pkij
only depending on i, j, k whenever (x, y) ∈ Rk;

(5) pkij = pkji for every i, j, k ∈ {0, 1, . . . , d};

(6) Ri
t = Ri for each i ∈ {0, 1, . . . , d}.

Remark 1.2

If X is a symmetric association scheme, then X is a commutative association scheme.

Proof. For every (x, y) ∈ Rk, we have

pkij =
∣∣{z ∈ X : (x, z) ∈ Ri, (z, y) ∈ Rj}

∣∣
=
∣∣{z ∈ X : (z, x) ∈ Ri, (y, z) ∈ Rj}

∣∣
= pkji.

Now let’s give some examples.
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Example 1.3: Association scheme from finite group

Let G be a finite groups. Let G acts on a finite set Ω transitively. For g ∈ G, define g : G → G by
g(x) = xg for each x ∈ Ω. Then G acts on Ω×Ω by (x, y)g = (xg, yg). Let R0, R1, . . . , Rd be the orbits
of G on Ω× Ω. Then X = (Ω, {Ri}0⩽i⩽d) is an association scheme.

Proof. Check the conditions (1) to (4) in Definition 1.1.

(1) By the transitivity, R0 = {(x, x) : x ∈ Ω}.

(2) By the definition of orbits, we have (R0, R1, . . . , Rd) form a partition of Ω× Ω.

(3) By the definition of orbits, we can check Ri
t is also an orbit, for all i ∈ {0, 1, . . . , d}.

(4) Suppose (x1, y1), (x2, y2) ∈ Rk. Since Rk is a G-orbit, there exists g ∈ G such that

(x2, y2) = (x1, y1)
g = (xg1, y

g
1).

It follows that for all i, j ∈ {0, 1, . . . , d},

z1 ∈ {z ∈ Ω : (x1, z) ∈ Ri, (z, y1) ∈ Rj}

if and only if
zg1 ∈ {z ∈ Ω : (x2, z) ∈ Ri, (z, y2) ∈ Rj}.

Hence pkij ’s only depends on i, j, k but not on the choice of (x, y) ∈ Rk.

Exercise 1

Let D10 be the dihedral group of order 10. Note that D10 acts on the pentagon transitively. Let X
be the association scheme obtained from D10 in the way of Example 1.3. Calculate all pkij ’s of the
association scheme X.

Example 1.4: Hamming association scheme

Let F be a finite set with the cardinality |F | = q ⩾ 2. Define X := F d = F × · · · × F with |X| = qd.
Let x = (x1, , . . . , xd) and y = (y1, , . . . , yd) be two point in X, the Hamming distance between x and
y is defined to be the number of positions in which they differ, that is,

d(x, y) =
∣∣{j : xj ̸= yj}

∣∣.
Define Ri ⊂ X ×X to be

Ri = {(x, y) ∈ X ×X : d(x, y) = i}.

for all i ∈ {0, 1, . . . , d}. Then X = (X, {Ri}0⩽i⩽d) is an association scheme. It is called the Hamming
association scheme, denoted by H(d, q).

Proof. Let Sq be the symmetric group on F . Define S by S := (Sq)
d =

d︷ ︸︸ ︷
Sq × · · · × Sq with |S| = (q!)d, that

is,
S = {σ = (σ1, . . . , σd) : σi ∈ Sq, i ∈ {1, . . . , d}}.

The group S acts on X by
xσ = (x1, . . . , xd)

σ = (xσ1
1 , . . . , xσd

d )
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for x ∈ X and σ ∈ S. Let Sd be the symmetric group on {1, . . . , d}. The group Sd acts on X by

xτ = (x1, . . . , xd)
τ = (x1τ1 , . . . , xdτd )

for x ∈ X and τ ∈ Sd.
Note that S, Sd are the subgroups of the symmetric group on X, denoted by SX . For each x ∈ X,

xτ
−1στ = (xσ1τ

1 , . . . , xσdτ

d ) and then τ−1στ = (σ1τ , . . . , σdτ ) ∈ S. Then Sd normalizes S. Hence SSd is a
subgroup of SX on X. Actually, SSd is usually called the wreath product Sq ≀ Sd. The order of Sq ≀ Sd is
d!(q!)d. By the transitivity of S, we obtain the transitivity of Sq ≀ Sd. We can check that R0, . . . , Rd are all
orbits of Sq ≀ Sd. By Example 1.3, X = (X, {Ri}0⩽i⩽d) becomes an association scheme.

Note that Hamming association scheme is symmetric and then commutative. But calculating all the pkijs
of H(d, q) is a bit complicated.

Exercise 2

(1) Calculate all the pkij ’s of H(2, 4).

(2) Calculate all the pkij ’s of H(2, q).

Example 1.5: Johnson association scheme

Let V be a finite set with the cardinality |V | = v. Let X be the set of all the d-elements subsets of V
defined by

X :=

(
V

d

)
= {x ⊂ V : |x| = d}.

Define Ri = {(x, y) ∈ X × X : |x ∩ y| = d − i} for i ∈ {1, . . . , d}. Then X = (X, {Ri}0⩽i⩽d) is an
association scheme. It is called the Johnson association scheme, denoted by J(v, d).

Proof. The group G = Sv acts on X =

(
V
d

)
transitively. Then Ri’s are the orbits of G on X ×X. It leads

to X an association scheme.

Exercise 3

(1) Calculate all the pkij ’s of J(5, 2).

(2) Calculate all the pkij ’s of J(v, 2).

Example 1.6: Group association scheme

Let G be a finite group. Let {1} = C0, C1, . . . , Cd be all the conjugacy classes of G. For i ∈ {0, 1, . . . , d},
define Ri by Ri = {(x, y) ∈ G × G : y−1x ∈ Ci}. Then X(G) := (G, {Ri}0⩽i⩽d) is a commutative
association scheme. It is called the group association scheme of G.

Proof. The group G × G acts on G as follows: x(g,h) = g−1xh for (g, h) ∈ G × G and x ∈ G. Then G × G
acts on G transitively.

Claim

Each Ri is an orbit of G×G on G×G by the definition that (x, y)(g,h) = (x(g,h), y(g,h)) = (g−1xh, g−1yh)
for (x, y), (g, h) ∈ G×G.
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Proof of Claim. On the one hand, note that (x, y) ∈ Ri is equivalent to y−1x ∈ Ci. Since

(g−1yh)−1(g−1xh) = h−1y−1gg−1xh = h−1y−1xh ∈ Ci

for y−1x ∈ Ci, we conclude that
(x, y)(g,h) ∈ Ri

for each (x, y) ∈ Ri. Then each Ri is G×G-invariant.
On the other hand, suppose (x1, y1), (x2, y2) ∈ Ri, then there exists h ∈ G, such that h−1(y−1

1 x1)h =
y−1
2 x2. It follows that x2h−1(x−1

1 y1)h = y2. Set g = x1hx
−1
2 .

(x1, y1)
(g,h) = (g−1xh, g−1yh)

= ((x1hx
−1
2 )−1x1h, (x1hx

−1
2 )−1y1h)

= ((x2h
−1x−1

1 )x1h, (x2h
−1x−1

1 )y1h = (x2, y2).

This shows that G×G acts on Ci transitively for all i ∈ {0, 1, . . . , d} and completes the proof.

By Example 1.3, X(G) = (G, {Ri}0⩽i⩽d) becomes an association scheme. For commutativity, we show it
as follows. For (x, y) ∈ Rk, note that

{z ∈ G : (x, z) ∈ Ri, (z, y) ∈ Rj} = {z ∈ G : z−1x ∈ Ci, y
−1z ∈ Cj}

= xC−1
i ∩ yCj = y(y−1xC−1

i ∩ Cj).

If we set y−1x = a ∈ Ck, then pkij = |aC−1
i ∩ Cj |. Note that aCja

−1 = Cj , we have

pkij = |aC−1
j ∩ Ci| = |Cja

−1 ∩ C−1
i | = |aCja

−1 ∩ aC−1
i | = |aC−1

i ∩ Cj | = pkji.

Question 1.1

Given a finite group G, in particular, a simple group. We have known that X(G) is a commutative
association scheme. We can also calculate all the pkij ’s (this will discuss in the following lecture). Can
X(G) be shown to be a unique association scheme with the given parameters pkij ’s of X(G)? If not, can
you determine all the association schemes with the same pkij ’s on X(G)?

There are several results.

• G = A5. X(G) is unique with the parameter pkij ’s of X(A5) [Tom98].

• G = PSL(2, 7). |G| = 168 and X(PSL(2, 7)) is unique with the parameter pkij ’s of X(PSL(2, 7))[Tom99].

Problem is open for any other finite simple groups, such as An and PSL(2, q).
Is G→ X(G) an one to one corresponding between the set of finite groups and the set of group association

schemes. There is a counter example.

Example 1.7

Denote the dihedral group of order 8 by D8 and the quaternion group of order 8 by Q8. Then X(D8) ∼=
X(Q8).

Can we find two different simple group G1, G2 with X(G1) ∼= X(G2)? If we use the classification of finite
simple groups, then one can prove that there are no such G1 and G2 by calculate the pkij ’s of X(G1) and
X(G2). But can we prove this directly, i.e., without using the classification of finite simple groups?
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Example 1.8: Shrikhande graph
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Let X be the set of vertices of the Shrikhande graph. Define R0 = {(x, x) : x ∈ X}, R1 = {(x, y) : x
and y is joined by an edge } and R2 = {(x, y) : x and y is not joined by an edge }. Then X =
(X, {R0, R1, R2}) is an association scheme with 16 vertices.

But X can not come from a finite group G acting on X. Otherwise, R0, R1, R2 are all the orbits of
a group G acting on X ×X. Since R1 is an orbit, (x, y) ∈ R1 after acted by g ∈ G is still in R1, that
is, the acting of G keep the edges preserved. For instance, (1, 7), (1, 11) ∈ R2 are in the same orbits,
which satisfy (1, 7) = (1, 11)g for an existing g in G. Note that the common neighbors of 1, 7 are 2 and
6 while the common neighbors of 1, 11 are 6 and 16. We can never find an action to transform two
isolated vertex pair (6, 16) ∈ R2 to an edge (2, 6) ∈ R1. Contradiction.

The graph defined on (X,R1) of H(2, 4) = L4 has the same vertex set as the above X. It has shown
that it can come from a finite group. These two association schemes have the same parameters but not
isomorphic.

Example 1.9: Cyclotomic association scheme[BM90]

Assume that q is a prime number and (q − 1) = rd. Let GF (q) be a finite field with q elements. Then
GF (q)∗ := GF (q)\{0} is a cyclic group of order q − 1. Let w be a generator of GF (q)∗. Denote the
subgroup of order r of GF (q)∗ by Hr =< wd > and the cosets by C0 = {0}, Ci = wi−1Hr for 1 ⩽ i ⩽ d.
Define X = GF (q) and Ri = {(x, y) ∈ X ×X : x− y ∈ Ci} for 0 ⩽ i ⩽ d. Then (GF (q), {Ri}0⩽i⩽d) is
a commutative association scheme. It is called the cyclotomic association scheme.

Proof. Let G be a set of maps from X to X defined by G := {σ : σ(x) = ax+ b, a ∈ Hr, b ∈ GF (q)
}

. Then
G form a group under composition and acts transitively on GF (q) as xσ = σ(x). Each Ri becomes an orbit
of G acting on GF (q)×GF (q). Since for every(x, y) ∈ Ri and every σ ∈ G, yσ − xσ = a(y − x) ∈ Ci while
y − x ∈ Ci and a ∈ Hr, so (xσ, yσ) ∈ Ri. By Example 1.3, X = (GF (q), {Ri}0⩽i⩽d) becomes an association
scheme.

For commutativity, we show it as follows. For (x, y) ∈ Rk, i.e., x−y ∈ Ck, note that |Y | = |−Y | = |Y +b|
for every set Y , we have

pkij = |{z : x− z ∈ Ci, z − y ∈ Cj}| = |(−Ci + x) ∩ (Cj + y)|,

then

pkji =|(−Cj + x) ∩ (Ci + y)|
=|(Cj − x) ∩ (−Ci − y)|
=|(Cj + y) ∩ (−Ci + x)|
=|(−Ci + x) ∩ (Cj + y)| = pkij .
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Remark 1.10: Classification of association scheme of small sizes.

There are several results on classification of association scheme of small sizes.

• Izumi Miyamoto and Akihide Hanaki classify all the association schemes with |X| ⩽ 30:
http://math.shinshu-u.ac.jp/ hanaki/as/.

• Other reference see [KTR13]. In particular, the association schemes with |X| = 35, 36, 37, 39, 40
are still open problems.

2 Bose-Mesner Algebra
Let X be a finite set and Ri ⊂ X ×X be binary relations for i ∈ {0, 1, . . . , d}. The matrix Ai is in RX×X ,
whose rows and columns are parameterized by X. Define the entry of Ai by

(Ai)x,y = Ai(x, y) =

{
1 if (x, y) ∈ Ri,
0 otherwise.

We call Ai the adjacency matrices for Ri. The following conditions are equivalent to the conditions
in Definition 1.1 :

(1′) A0 = I, where I is the identity matrix;

(2′) A0 +A1 + · · ·+Ad = J where J is the all one matrix;

(3′) Aj
t = Aj′ for some j′ = i ∈ {0, 1, . . . , d};

(4′) for all i, j ∈ {0, 1, . . . , d} there exist non-negative integers pkij where k ∈ {0, 1, . . . , d} such that AiAj =∑d
k=0 p

k
ijAk;

(5′) AiAj = AjAi for every i, j ∈ {0, 1, . . . , d};

(6′) Ai
t = Ai for each i ∈ {0, 1, . . . , d}.

Remark 2.1

Suppose that A0, . . . , Ad, all the {0, 1}−matrices in M|X|(C), satisfy (1′) to (4′). Then by defining

Ri = {(x, y) ∈ X ×X : Ai(x, y) = 1}.

We get an association scheme (X, {Ri}0⩽i⩽d).
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Definition 2.2: Bose-Mesner Algebra

Let A0, A1, . . . , Ad be the adjacency matrices of an association scheme (X, {Ri}0⩽i⩽d). Define the
Bose-Mesner Algebra A by

A = {
d∑

i=0

aiAi : ai ∈ C} ⊂ M|X|(C),

where M|X|(C) is the |X| by |X| matrix algebra over field C. Since AiAj =
∑d

k=0 p
k
ijAk, A is closed

under ordinary matrix multiplication. The Hadamard multiplication between two matrices A =
(aij)1⩽i,j⩽|X| and B = (bij)1⩽i,j⩽|X| is defined by

A ◦B = (aijbij)1⩽i,j⩽|X|.

Note that Ai ◦Aj = δijAi, then A is closed under Hadamard multiplication.

Lemma 2.3

Let M be a linear subspace of M|X|(C). Suppose that M is closed under Hadamard product. Then M
has a basis A0, . . . , Ad with Ai ◦Aj = δijAi for 0 ⩽ i, j ⩽ d.

Proof. Let M = (mij)0⩽i,j⩽d ∈ M. List the non-zero numbers which appear in M as β1, . . . , βr, i.e.,
{β1, . . . , βr} = {mij : mij ̸= 0, 0 ≤ i, j ≤ d} with β1, . . . , βr distinct. For each i ∈ {1, . . . , r}, write

M (i)(x, y) :=

{
1 if M(x, y) = βi,
0 otherwise.

Define M◦j =

j︷ ︸︸ ︷
M ◦ · · · ◦M . Then M◦j =

∑r
i=1 β

j
iM

(i). Since∣∣∣∣∣∣∣∣∣
β1 β2 · · · βr
β2
1 β2

2 · · · β2
r

...
...

...
βr
1 βr

2 · · · βr
r

∣∣∣∣∣∣∣∣∣ ̸= 0,

each M (i) is a linear combination of M,M◦2, . . . ,M◦r for i ∈ {1, . . . , r}. In particular, M (i) ∈ M.
Let B0, . . . , Bd be a basis of M. For each Bj , construct B(1)

j , . . . , B
(rj)
j . Then B(i)

j ∈ M and Bj is written
as a linear combination of B(1)

j , . . . , B
(rj)
j . So {B(i)

j : 1 ⩽ i ⩽ rj , 0 ⩽ j ⩽ d} span M.
Therefore, we can choose a basis A0, . . . , Ad of M such that Ai is a zero-one matrix for each i ∈

{0, 1, . . . , d}. Suppose Ai◦Aj ̸= 0 for i ̸= j. Then define C1 = Ai◦Aj and C2 = Ai−C1. If necessary, change
i and j, and assume that C1 ̸= 0, C2 ̸= 0. Since C1, C2 ∈ M, {A0, A1, . . . , Ai−1, C1, C2, Ai+1, . . . , Ad} span
M. Then we can choose a basis removing one element from this set. By this way, we can reduce the total
number of 1’s appearing in the basis elements. Repeating this reduction, we reach the desired basis.

We use I to denote the identity matrix and J to denote the all one matrix.
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Lemma 2.4

Let M be a subspace of M|X|(C) and let M be closed under Hadamard product and ordinary matrix
product. Moreover, suppose the following conditions hold:

(I) If M ∈ M, then Mt ∈ M;

(II) For each M ∈ M, there exists a constant α(M, I), such that M ◦ I = α(M, I)I;

(III) I, J ∈ M.

Then there exists a set of {0, 1}-matrices A0, . . . , Ad form a basis of M satisfying the conditions (1′)
to (4′).

Proof. By Lemma 2.3, M has a basis A0, . . . , Ad of {0, 1}-matrices with Ai ◦ Aj = δijAi. Check the (1′)
to (4′):

(1′) Since I ∈ M, I =
∑d

i=0 aiAi. Since I ◦ I = I, I ◦ I =
∑d

i=0 a
2
iAi = I, i.e., a2i = ai, then we have either

ai = 0 or ai = 1. By the condition (II), α(Aj , I)I = Aj ◦ I = Aj , then there exist j such that Aj = I.
By changing the order, we may assume that A0 = I.

(2′) Let J =
∑d

i=0 biAi. Then Aj = Aj ◦ J =
∑d

i=0 bi(Aj ◦ Ai) =
∑d

i=0 bi(δijAi) = biAj , for all j ∈
{1, . . . , d}. Hence b0 = b1 = · · · = bd = 1. It satisfies that J = A0 + · · ·+Ad.

(3′) Since Jt = J and A0 + · · · + Ad = A0
t + · · · + Ad

t , then Ai
t is a sum of A0, . . . , Ad. Note that

Ai
t Aj

t = (AiAj)
t

= δij Ai
t . Then there exists an one-to-one correspondence such that Ai

t = Aj for
j ∈ {0, 1, . . . , d}.

(4′) By the assumption, M is closed under ordinary multiplication, that is, AiAj ∈ M, AiAj =
∑d

k=0 p
k
ijAk.

For further discuss, we need to introduce some notations. Let X = (X, {Ri}0⩽i⩽d) be a commutative
association scheme. For each x ∈ X, we define Γi(x) := {z ∈ X : (x, z) ∈ Ri} and Γi′(x) := {z ∈ X : (z, x) ∈
Ri}. For all (x, y) ∈ Rk, note that |Γi(x)∩Γj′(y)| = pkij . We define the valency of the relation Ri to be the
non-negative integer ki := p0ii′ . By the definition, for every x ∈ X we have (x, z) ∈ Ri ⇔ (z, x) ∈ Ri′ . Hence
ki = |Γi(x)|.

Proposition 2.5

Let X be a commutative association scheme, we have

(1) k0 = 1;

(2) ki = ki′ ;

(3) |X| = k0 + · · ·+ kd.

Proof. (1) k0 = |Γ0(x)| = |{z ∈ X : (x, z) ∈ R0}| = 1.

(2) By the commutativity, ki = p0ii′ = p0i′i = ki′ .

(3) Take x ∈ X. Since X ×X = R0 ∪ · · · ∪Rd, then

|X| =
∣∣∣ d∪
i=0

Γi(x)
∣∣∣ = k0 + · · ·+ kd.
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Proposition 2.6

Given a commutative association scheme X = (X, {Ri}0⩽i⩽d), we have

(1) pki0 = δik;

(2) pk0j = δjk;

(3) p0ij = kiδij′ ;

(4) pkij = pk
′

i′j′ ;

(5)
∑d

j=0 p
k
ij = ki;

(6) kℓp
ℓ
ij = kjp

j
i′ℓ = kip

i
ℓj′ ;

(7)
∑d

α=0 p
α
ijp

ℓ
kα =

∑d
β=0 p

β
kip

ℓ
βj .

Proof. (1) For all (x, y) ∈ Rk, we have pki0 = |{z ∈ X : (x, z) ∈ Ri, (z, y) ∈ R0}| = δik.

(2) For all (x, y) ∈ Rk, we have pk0j = |{z ∈ X : (x, z) ∈ R0, (z, y) ∈ Rj}| = δjk.

(3) Take (x, x) ∈ R0, we have p0ij = |{z ∈ X : (x, z) ∈ Ri, (z, x) ∈ Rj}| and Γi(x) = {z ∈ X : (x, z) ∈ Ri}.
Hence p0ij = |Γi(x)|δij′ = kiδij′ .

x
k //

i ��?
??

??
??

? y

z

j

??��������

x y
k′

oo

j′����
��
��
��

z
i′

__????????

(4) By definition, we have
pkij = |{z : (x, z) ∈ Ri, (z, y) ∈ Rj}|

and
pk

′

j′i′ = |{z′ : (z′, x′) ∈ Rj , (y
′, z′) ∈ Ri}|,

where (x, y) ∈ Rk and (y′, x′) ∈ Rk. Hence pkij = pk
′

j′i′ . By the commutativity, pkij = pk
′

j′i′ = pk
′

i′j′ .

(5) Take (x, y) ∈ Rk. Note that Γi(x) =
∪d

j=0

(
Γi(x) ∩ Γj(y)

)
. And then ki =

∑d
j=0 p

k
ij .

(6) Count the number of (x, y, z) ∈ X3 which satisfies the relations in the following figure:

z
j

��?
??

??
??

?

x

i

??�������� l // y

We have {
(x, y, z) : (x, y) ∈ Rℓ, (x, z) ∈ Ri, (z, y) ∈ Rj

}
=
∪
x∈X

∪
y∈Γℓ(x)

{
(x, y, z) : (x, z) ∈ Ri, (z, y) ∈ Rj

}
=
∪
z∈X

∪
y∈Γj(z)

{
(x, y, z) : (z, x) ∈ Ri′ , (x, y) ∈ Rℓ

}
=
∪
x∈X

∪
z∈Γi(x)

{
(x, y, z) : (x, y) ∈ Rℓ, (y, z) ∈ Rj′

}
Then |X|klplij = |X|kjpji′l = |X|kipilj′ , it follows that klplij = kjp

j
i′l = kip

i
lj′ .
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(7) Fix (x, y) ∈ Rk, count the number of (z, w) which satisfies the relations in the following figure:

z
α

��

i // w

j

��
x

k

OO

β

HH

l
// y

We have {
(z, w) : (z, w) ∈ Ri, (x, z) ∈ Rk, (w, y) ∈ Rj

}
=

d∪
α=0

∪
z∈Γk(x)∩Γα′ (y)

{
(z, w) : (z, w) ∈ Ri, (w, y) ∈ Rj

}
=

d∪
β=0

∪
w∈Γβ(x)∩Γj′ (y)

{
(z, w) : (x, z) ∈ Rk, (z, w) ∈ Ri

}

It follows that
∑d

α=0 p
α
ijp

l
kα =

∑d
β=0 p

β
kip

l
βj .

Lemma 2.7

Let M ⊂ M|X|(C) be a vector space. Suppose M is closed under ordinary matrix multiplication and M
is commutative. Furthermore, we suppose that

(1) M ∈ M =⇒ Mt ,M ∈ M;

(2) For any M ∈ M, there exists a fixed real number α(M,J) such that JM = α(M,J)J ;

(3) I, J ∈ M.

Then there exists a basis E0(=
1

|X|J), E1, . . . , Ed satisfying the following 3 conditions:

(1′′) |X|E0 = J ;

(2′′) E0 + E1 + · · ·+ Ed = I, EiEj = δijEi;

(3′′) For each i ∈ {0, 1, . . . , d}, tEi = Eî for some î ∈ {0, 1, . . . , d}.

Proof. For any M ∈ M, we have M Mt = Mt M . So M is a normal matrix, thus M has a basis consisting
of normal matrices, which are mutually commutative. From linear algebra, we know that they can be
diagonalized by unitary matrix simultaneously. That is to say, there exists a unitary matrix U such that
Ut MU are all diagonal matrices. Among diagonal matrices, ordinary matrix multiplication and Hadamard

multiplication are the same. So Ut MU is closed under Hadamard multiplication. By Lemma 2.3, there is
a basis Λ0,Λ1, . . . ,Λd with Λi ◦ Λj = δijΛi. We define Ei to be UΛi U

t , then E0, E1, . . . , Ed is a basis of M
and EiEj = δijEi. Let J = |X|

∑d
j=0 ajEj . Since J2 = |X| J = |X|2

∑d
j=0 ajEj and also J2 =

∑d
j=0 a

2
jEj .

Compare the coefficients, we have aj = a2j , i.e., aj = 0 or 1. Suppose aj ̸= 0 (there is at least one such j),
then

|X|Ej = JEj = α(J,Ej)J = α(J,Ej) |X|
d∑

j=0

ajEj .

11



Hence J = |X|Ej for some j. By changing the ordering of E0, E1, . . . , Ed, we may assume j = 0, i.e.,
E0 = 1

|X|J . Then (1′′) followss Suppose I =
∑d

j=0 bjEj , then I = I2 =
∑d

j=0 b
2
jEj . Thus bj = 0 or 1. In

fact b0 = b1 = · · · = bd = 1. Otherwise, say bj = 0, then we have Ej = IEj = 0Ej = 0, contradiction. Note
that

E0 + E1 + · · ·+ Ed = I = It = E0
t + E1

t + · · ·+ Ed
t

and ( Ei
t )( Ej

t ) = δij( Ei
t ). Since each Ei

t is a linear combination of E0, E1, . . . , Ed, so Ei
t = Eî for some

î ∈ {0, 1, . . . , d}. Hence we obtain (2′′) and (3′′)

Let X = (X, {Ri}0⩽i⩽d) be a commutative association scheme, and A0, A1, . . . , Ad be the adjacency
matrices of the relations respectively. The Bose-Mesner algebra A is nothing but the algebra spanned by
these matrices.

Lemma 2.7 implies that there exists another basis E0, E1, . . . , Ed of A such that I = E0+E1+· · ·+Ed and
EiEj = δijEi. These Ei’s are called primitive idempotents. Since A is closed under Hadamard multiplication,
we have the followings:
(4′′) Ei ◦ Ej =

1
|X|
∑d

j=0 q
k
ijEk where qkij ∈ C. These qkij ’s are called Krein parameters;

(5′′) Ei ◦ Ej = Ej ◦ Ei.

Remark 2.8

For unique î ∈ {0, . . . , d}, Ei = Ei
t = Eî.

Proof. Note that Ai
t ∈ A and Ai = Ai ∈ A, so Ei

t ∈ A and
(
Ei
t
)(

Ej
t
)
= δij Ei

t . Let V = CX considered
as column vectors. For any 0 ̸= u ∈ Vi :=EiV , we have

0 ̸= ⟨u, u⟩ = ⟨Eiu,Eiu⟩ = (Eiu)
t

(Eiu) = ut Ei
t Eiu =

⟨
u, Ei

t Eiu
⟩

where ⟨, ⟩ is the usual inner product. So Ei
t Ei ̸= 0, thus Ei = Ei

t .

3 The Character Table of Commutative Association Scheme
Let X = (X, {Ri}0⩽i⩽d) be a commutative association scheme and V = CX identified with the space of
column vectors. We have I = E0 + E1 + · · · + Ed and EiEj = δijEi. Then V = V0 ⊥ V1 ⊥ · · · ⊥ Vd where
Vi = EiV . In particular, E0 = 1

|X|J . For any M ∈ M, we have MEi = (constant)Ei, so each subspace
Vi = EiV is a common eigenspace of A. Let Pi(j) ∈ C be the scalar of Ai ∈ A on Vj , i.e.,

Ai =

d∑
j=0

Pi(j)Ej , (1)

for each i ∈ {0, 1, . . . , d}. The matrix

P = (Pj(i))0⩽i,j⩽d = (Pij)

is called the character table or the first eigenmatrix of X. Similarly, we have

Ei =
1

|X|

d∑
j=0

Qi(j)Aj . (2)

The matrix
Q = (Qj(i))0⩽i,j⩽d = (Qij)

is called the second eigenmatrix of X. They satisfy the obvious identity

PQ = QP = |X| I. (3)

12



Proposition 3.1

Let mi = dimVi = rankEi, then we have the following identities:

(1) tr(Ai) =

{
|X| i = 0;

0 otherwise;

(2) JAi = AiJ = kiJ ;

(3) tr(Ei) = mi.

Proof. (1) Because A0 = I and Ai(x, x) = 0 for any i ̸= 0.

(2) (JAi) (x, y) =
∑

z∈X J(x, z)Ai(z, y) =
∑

z∈X Ai(z, y) = |{z : (z, y) ∈ Ri}| = ki.

(3) Since E2
i = Ei, the eigenvalue of Ei is 0 or 1. Diagonalize Ei and we have tr(Ei) = rankEi = mi.

Proposition 3.2

For every i ∈ {0, 1, . . . , d}, we have the followings:

(1) P0(i) = 1;

(2) Pi(0) = ki;

(3) Q0(i) = 1;

(4) Qi(0) = mi.

Proof. (1) A0 = I = E0 + E1 + · · ·+ Ed.

(2) By Proposition 3.1, we have E0Ai = 1
|X|JAi = 1

|X|kiJ = kiE0. By Eq. (1), we have E0Ai =

E0

∑d
j=0 Pi(j)Ei = Pi(0)E0. Hence Pi(0) = ki for each i.

(3) Compare E0 = 1
|X|J = 1

|X| (A0 +A1 + · · ·+Ad) with E0 =
∑d

j=0Q0(j)Aj .

(4) By Proposition 3.1, we have mi = tr(Ei). By Eq. (1), we have 1
|X|
∑d

j=0Qi(j) tr(Aj) = Qi(0).
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Theorem 3.3

Let X be a commutative association scheme, we have

(1) Pi′(j) = Pi(j);

(2) Qî(j) = Qi(j);

(3)
Qj(i)

mj
=
Pi(j)

ki
;

(4)
∑d

γ=0

1

kγ
Pγ(i)Pγ(j) = δij

|X|
mi

(the first orthogonal relation);

(5)
∑d

γ=0mγPi(γ)Pj(γ) = δij |X| ki (the second orthogonal relation);

(6) Pi(ℓ)Pj(ℓ) =
∑d

k=0 p
k
ijPk(ℓ);

(7) Qi(ℓ)Qj(ℓ) =
∑d

k=0 q
k
ijQk(ℓ);

(8) Pi(j)Qj(ℓ) =
∑d

k=0 p
ℓ
ikQj(k).

Proof. (1) Ai′ = Ai
t = Ai

t =
∑d

j=0 Pi(j) Ej
t =

∑d
j=0 Pi(j)Ej . So Pi′(j) = Pi(j).

(2) 1
|X|
∑d

j=0Qî(j)Aj = Eî = Ei
t = Ei =

1
|X|
∑d

j=0Qi(j)Aj . So Qî(j) = Qi(j).

(3) Ai ◦ Ej =
1

|X|Qj(i)Ai. So∑
x∈X

∑
y∈X

(Ai ◦ Ej)(x, y) =
∑
x∈X

∑
y∈X

(Ai(x, y)Ej(x, y))

=
∑
x∈X

(Ej Ai
t )(x, x)

= tr(EjAi′)

= tr(Pi′(j)Ej)

= Pi′(j)mj = mjPi(j)

while
∑
x∈X

∑
y∈X

(
1

|X|
Qj(i)Ai

)
= kiQj(i).

(4) Calculate the (i, j)-entry of PQ = |X| I, then use (3):

|X| δij =
d∑

γ=0

Pγ(i)Qj(γ) =

d∑
γ=0

Pγ(i)
mj

kγ
Pj(γ).

(5) Calculate the (i, j)-entry of QP = |X| I, then use (3):

|X| δij =
d∑

γ=0

Qγ(i)Pj(γ) =

d∑
γ=0

mγ

ki
Pi(γ)Pj(γ).

Apply Conjugation on both sides.

(6) Compare

AiAj =

d∑
k=0

pkijAk =

d∑
k=0

pkij

d∑
ℓ=0

Pk(ℓ)Eℓ =

d∑
ℓ=0

d∑
k=0

pkijPk(ℓ)Eℓ
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with

AiAj =

(
d∑

ℓ=0

Pi(ℓ)Eℓ

)(
d∑

k=0

Pi(k)Ek

)
=

d∑
ℓ=0

Pi(ℓ)Pj(ℓ)Eℓ.

(7) Compare

Ei ◦ Ej =
1

|X|

d∑
k=0

qkijEk =
1

|X|

d∑
k=0

qkij
1

|X|

d∑
ℓ=0

Qk(ℓ)Aℓ =
1

|X|2
d∑

ℓ=0

d∑
k=0

qkijQk(ℓ)Aℓ

with

Ei ◦ Ej =

(
1

|X|

d∑
ℓ=0

Qi(ℓ)Aℓ

)
◦

(
1

|X|

d∑
k=0

Qj(k)Ak

)
=

1

|X|2
d∑

ℓ=0

Qi(ℓ)Qj(ℓ)Aℓ.

(8) Compare

AiEj = Ai
1

|X|

d∑
k=0

Qk(ℓ)Ak =
1

|X|

d∑
k=0

Qj(k)

d∑
ℓ=0

pℓikAℓ =
1

|X|

d∑
ℓ=0

d∑
k=0

pℓikQj(k)Aℓ

with

AiEj = Pi(j)Ej = Pi(j)
1

|X|

d∑
k=0

Qj(ℓ)Aℓ =
1

|X|

d∑
ℓ=0

Pi(j)Qj(ℓ)Aℓ.

Theorem 3.4

Let X be a commutative association scheme, then we have:

(1) qℓij =
mimj

|X|

d∑
γ=0

1

k2γ
Pγ(i)Pγ(j)Pγ(ℓ);

(2) pℓij =
kikj
|X|

d∑
γ=0

1

m2
γ

Qγ(i)Qγ(j)Qγ(ℓ).
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Proof. (1) Consider the trace of 1
|X|q

ℓ
ijEℓ = (Ei ◦ Ej)Eℓ.

LHS =
1

|X|
qℓijmℓ

RHS = tr((Ei ◦ Ej)Eℓ) =
∑
x∈X

((Ei ◦ Ej)Eℓ)(x, x)

=
∑
x∈X

∑
y∈X

Ei(x, y)Ej(x, y)Eℓ(y, x)

=
∑
x∈X

∑
y∈X

(Ei ◦ Ej ◦ Eℓ
t )(x, y)

=
∑
x∈X

∑
y∈X

(
1

|X|2
d∑

γ=0

Qi(γ)Qj(γ)Qℓ̂(γ)Aγ(x, y)

)

=
1

|X|2
d∑

γ=0

Qi(γ)Qj(γ)Ql(γ)kγ

=
1

|X|2
d∑

γ=0

mi

kγ
Pγ(i)

mj

kγ
Pγ(j)

mℓ

kγ
Pγ(ℓ)kγ

=
mimjmℓ

|X|2
d∑

γ=0

1

k2γ
Pγ(i)Pγ(j)Pγ(ℓ).

Compare the LHS and RHS, we only need to show that qℓij ∈ R (in fact qℓij ⩾ 0).

d∑
γ=0

1

k2γ
Pγ(i)Pγ(j)Pγ(ℓ)

=

d∑
γ=0

1

k2γ′
Pγ′(i)Pγ′(j)Pγ′(ℓ)

=

d∑
γ=0

1

k2γ
Pγ(i)Pγ(j)Pγ(ℓ)

So qℓij ∈ R.

16



(2) Calculate the sum of the entries of pℓijAl = (AiAj) ◦Al.

LHS = |X| pℓijkℓ
RHS =

∑
x∈X

∑
y∈X

((AiAj) ◦Aℓ) (x, y)

=
∑
x∈X

∑
y∈X

(AiAj)(x, y) Aℓ
t (y, x)

= tr(AiAjAℓ′)

= tr
(

d∑
γ=0

Pi(γ)Pj(γ)Pℓ′(γ)Eγ

)

=

d∑
γ=0

Pi(γ)Pj(γ)Pℓ′(γ)mγ

=
kikjkℓ
m2

γ

Qγ(i)Qγ(j)Qγ(ℓ)

=
1

|X|
mi

d∑
k=0

Ek.

Since LHS is real, we apply conjugation on both sides.

Proposition 3.5

Krein parameters qkij ’s satisfy the following relations:

(1) qk0j = δjk;

(2) qki0 = δik;

(3) q0ij = δiĵmi;

(4) qkij = qk̂
îĵ

;

(5)
∑k

j=0 q
k
ij = mi;

(6) mkq
k
ij = mjq

j

îk
= miq

i
kĵ

;

(7)
∑d

α=0 q
α
ijq

ℓ
kα =

∑d
β=0 q

β
kiq

ℓ
βj .

Proof. (1) 1
|X|Ej = E0 ◦ Ej =

1
|X|
∑d

k=0 q
k
0jEk.

(2) 1
|X|Ei = Ei ◦ E0 = 1

|X|
∑d

k=0 q
k
i0Ek.
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(3)

qkij = tr
(
qkijE0

)
= tr

(
d∑

k=0

qkijEkE0

)
= |X| tr ((Ei ◦ Ej)E0)

= |X|
∑
x∈X

∑
y∈X

(Ei ◦ Ej)(x, y)E0(y, x)

=
∑
x∈X

∑
y∈X

(Ei ◦ Ej)(x, y)

= tr(Ei Ej
t ) = tr(EiEĵ) = tr(δiĵEi)

= δiĵmi.

(4) Take the transpose of Ei ◦ Ej =
1

|X|
∑d

j=0 q
k
ijEk.

(5) Take the sum of Ei ◦ Ej =
1

|X|
∑d

j=0 q
k
ijEk over j, then

LHS = Ei ◦A0

=

(
1

|X|

d∑
l=0

Qi(l)Al

)
◦A0

=
1

|X|
Qi(0)A0

=
1

|X|
mi

d∑
k=0

Ek

=
1

|X|

d∑
k=0

miEk

RHS =
1

|X|

d∑
k=0

d∑
j=0

qkijEk.

(6)

mjq
j

îk
= mj

mimk

|X|

d∑
γ=0

1

k2γ
Pγ (̂i)Pγ(k)Pγ(j)

= mj
mimk

|X|

d∑
γ=0

1

k2γ
Pγ(i)Pγ(k)Pγ(j)

= mj
mimk

|X|

d∑
γ=0

1

k2γ
Pγ′(i)Pγ(k)Pγ′(j)

= mk
mimj

|X|

d∑
γ′=0

1

k2γ′
Pγ′(i)Pγ′(j)Pγ′(k)

= mkq
k
ij .

(7) Note that Ek ◦ (Ei ◦ Ej) = (Ek ◦ Ei) ◦ Ej , we have

LHS = Ek ◦

(
1

|X|

d∑
α=0

qαijEα

)
=

1

|X|2
d∑

ℓ=0

d∑
α=0

qαijq
ℓ
kαEℓ
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and

RHS =

 1

|X|

d∑
β=0

qβkiEβ

 ◦ Ej =
1

|X|2
d∑

ℓ=0

d∑
β=0

qβkiq
ℓ
βjEℓ.

Theorem 3.6: Krein condition

qkij ⩾ 0.

Proof. Ei and Ej are non-negative definite Hermitian matrices, so Ei⊗Ej is also non-negative definite. Note
that Ei ◦Ej is a principal minor of Ei ⊗Ej , thus it is also a non-negative definite Hermitian matrix. So the
eigenvalue qkij of Ei ◦ Ej is non-negative.

Remark 3.7

X is a symmetric association scheme if and only if Pj(i) ∈ R for any i, j ∈ {0, 1, . . . , d}.

Proof. “⇒”
Since i = i′, we have Pi(j) = Pi′(j) = Pi(j). Hence Pj(i) ∈ R.

“⇐”
Suppose Pj(i) ∈ R for any i, j ∈ {0, 1, . . . , d} and suppose Rs

t = Rs′ where s ̸= s′. Since Ps′(j) =

Ps(j) = Ps(j), by the second orthogonal relation we have

0 ≠

d∑
γ=0

mγPs(γ)Ps′(γ) = δss′ |X| ks = 0.

Contradiction.

Question 3.1

For any commutative association scheme, are all values of Pj(i) in a cyclotomic number field? (Note
that Pj(i)’s are algebraic integers).

Theorem 3.8: [Mun91]

Q ({Pj(i)})
Q
(
{qkij}

) ⊆ Z

(
Gal

(
Q ({Pj(i)})
Q
(
{qkij}

) )) .
How to find P and Q from pkij ’s?

Definition 3.9: Intersection matrices

Bi :=
(
pkij
)
0⩽j,k⩽d

. Equivalently Bi(j, k) = pkij . These (d+1)× (d+1) matrices are called intersection
matrices.

Theorem 3.10

Let A = ⟨A0, A1, . . . , Ad⟩ be the Bose-Mesner algebra. Then the map Ai 7→ Bi, i ∈ {0, 1, . . . , d} gives
an algebra isomorphism from A to B = ⟨B0, B1, . . . , Bd⟩ ⊂Md+1(C).

19



Proof. For each M ∈ A, let LM ∈ End(A) be the map defined by LM (N) = MN, for all N ∈ A. Let ρ(M)
be the matrix representation of M with resepect to the basis A0, A1, . . . , Ad. ρ : A →Md+1(C)

(MA0,MA1, . . . ,MAd) = (A0, A1, . . . , Ad)ρ(M).

This map is called the left regular representation of A. ρ(M) = 0 =⇒ LM (N) = 0, for all N ∈ A. In
particular LM (I) =MI = 0 =⇒ M = 0. So ρ is injective. Since AiAj =

∑d
k=0 p

k
ijAk, we have

(MA0,MA1, . . . ,MAd) = (A0, A1, . . . , Ad) Bi
t ,

i.e., ρ(Ai) = Bi
t . So Ai 7→ Bi = (ρ(Ai))

t gives an algebra isomorphism from A to B.

Remark 3.11

The minimum polynomial of Ai and the minimum polynomial of Bi are the same.

We also have Krein parameters qkij which satisfy (|X|Ei) ◦ (|X|Ej) =
∑d

k=0 q
k
ij(|X|Ek).

Definition 3.12

B∗
i :=(qkij)0⩽j,k⩽d. Equivalently B∗

i (j, k) = qkij . These matrices are called dual intersection matrices.
They generate an algebra B∗ = ⟨B∗

0 , B
∗
1 , . . . , B

∗
d⟩.

Theorem 3.13

The map |X|Ei 7→ B∗
i gives an algebra isomorphism from A◦ to B∗ where A◦ is the algebra with the

Hadamard multiplication.

Proof. For each M ∈ A = A◦, define L∗
M ∈ End(A◦) by L∗

M (N) = M ◦ N for ∀N ∈ A. Take a basis
|X|E0, |X|E1, . . . , |X|Ed, and represent L∗

M as a matrix representation using this basis:

(M ◦ (|X|E0),M ◦ (|X|E1), . . . ,M ◦ (|X|Ed)) = (|X|E0, |X|E1, . . . , |X|Ed)ρ
∗(M)

Since (|X|Ei) ◦ (|X|Ej) =
∑d

k=0 q
k
ij(|X|Ek), we have ρ∗(|X|Ei) = B∗

i
t . Note that ρ∗(M) = 0 =⇒

L∗
M (N) = 0,∀N ∈ A. In particular LM (J) = M ◦ J = 0 =⇒ M = 0. So ρ∗ is faithful. Since A◦ is

commutative, the map |X|Ei 7→ B∗
i = (ρ∗(|X|)Ei)

t gives an algebra isomorphism from A◦ to B∗.

Proposition 3.14

(1) P Bi
t P−1 = diag(Pi(0), Pi(1), . . . , Pi(d));

(2) Q B∗
i

t Q−1 = diag(Qi(0), Qi(1), . . . , Qi(d)).

Proof. (1) By Theorem 3.3(6)

(diag(Pi(0), Pi(1), . . . , Pi(d))P )(γ, j)

=Pi(γ)Pj(γ)

=

d∑
k=0

pkijPk(γ)

=(P Bi
t )(γ, j),

i.e., diag(Pi(0), Pi(1), . . . , Pi(d))P = P Bi
t
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(2) By Theorem 3.3(7)

(diag(Qi(0), Qi(1), . . . , Qi(d))Q)(γ, j)

=Qi(γ)Qj(γ)

=

d∑
k=0

qkijQk(γ)

=(Q B∗
i

t )(γ, j),

i.e., diag(Qi(0), Qi(1), . . . , Qi(d))Q = Q B∗
i

t

Remark 3.15

Let X be any commutative association scheme, we can compute P,Q, pkij , qkij from any one of these four
collection of parameters.

Now we consider the case of group association schemes. Let G be any finite group, X(G) = (G, {Ri}0⩽i⩽d)
be the group association scheme. Suppose the conjugacy classes are C0, C1, . . . , Cd and χ0, χ1, . . . , χd are
the irreducible characters of G. We have the character table T = (χi(Cj))0⩽i,j⩽d. Furthermore, we have
fi :=χi(1) and ki = |Ci|. Then the character table of the finite group G and the first eigenmatrix of X are
related as follows:

P = diag
(
f−1
0 , f−1

1 , . . . , f−1
d

)
T diag (k0, k1, . . . , kd) .

Remark 3.16: Fusion algebra

Bose-Mesner algebra (character algebra) is related to fusion algebra in physics (conformal field theory).
There is a Verlinde’s formula in physics. What does it correspond to in Bose-Mesner algebra? Pi(j)
and pkij? [Ban93, Ban03, Gan05]

4 Terwilliger Algebra (Subconstituent Algebra)
For a commutative association scheme X = (X, {Ri}0⩽i⩽d), we have the Bose-Mesner algebra

A = ⟨A0, A1, . . . , Ad⟩ = ⟨E0, E1, . . . , Ed⟩ .

Now we fix an element x0 ∈ X, we will define an algebra T = T (x0) = ⟨A,A∗⟩ ⊂M|X|(C).
Let V = CX = CX considered as column space. We consider Γi(x0) :={x ∈ X : (x0, x) ∈ Ri} and define

V ∗
i :=CΓi(x0) to be the space spanned by Γi(x0) ⊂ X. So dimV ∗

i = ki = |Γi(x0)|. Naturally we have
V = V ∗

0 ⊥ V ∗
1 ⊥ · · · ⊥ V ∗

d . Let E∗
i : V → V ∗

i be the orthogonal projection from V to V ∗
i , that is

E∗
i =

{
1 if x = y and (x0, x) ∈ Ri;

0 otherwise.

So E∗
i E

∗
j = δijE

∗
i and I = E∗

0 + E∗
1 + · · ·+ E∗

d . We define

A∗
i =

d∑
α=0

Qi(α)E
∗
α, (4)

then A∗
i are diagonal matrices. If (x0, x) ∈ Rα, then

A∗
i (x, x) =

d∑
i=0

Qi(γ)E
∗
γ(x, x) = Qi(α) = |X|Ei(x0, x). (5)
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Proposition 4.1

(1) E∗
i = 1

|X|
∑d

j=0 Pi(j)A
∗
j ;

(2) A∗
iA

∗
j =

∑d
k=0 q

k
ijA

∗
k;

(3) Qi(0), Qi(1), . . . , Qi(d) are the eigenvalues of A∗
i .

Proof. (1) We multiply P from the right on both sides of (A∗
0, A

∗
1, . . . , A

∗
d) = (E∗

0 , E
∗
1 , . . . , E

∗
d)Q. The

formula follows since QP = I.

(2) Note that A∗
i ,Aj and A∗

iAj∗ are diagonal matrices. By Eq. (5)，

(A∗
iA

∗
j )(x, x) = A∗

i (x, x)A
∗
j (x, x)

= |X|Ei(x0, x) |X|Ej(x0, x)

= ((|X|Ei) ◦ (|X|Ej)) (x0, x)

=

d∑
k=0

qkijEk(x0, x)

=

d∑
k=0

qkijA
∗
k(x, x).

(3) A∗
i has diagonal entries Qi(0), Qi(1), . . . , Qi(d).

Definition 4.2: dual Bose-Mesner algebra

A∗ = A∗(x0) = ⟨A∗
0, A

∗
1, . . . , A

∗
d⟩ is called the dual Bose-Mesner algebra.

Proposition 4.3

(1) A∗ = ⟨E∗
0 , E

∗
1 , . . . , E

∗
d⟩;

(2) The map |X|Ei 7→ A∗
i gives the algebra isomorphism A◦ → A∗;

(3) The map A∗
i 7→ B∗

i gives the algebra isomorphism A∗ → B∗.

Proof. (1) Note that (A∗
0, A

∗
1, . . . , A

∗
d) = (E∗

0 , E
∗
1 , . . . , E

∗
d)Q and the second eigenmatrix Q is invertible,

hence E∗
0 , E

∗
1 , . . . , E

∗
d is also a basis of A∗.

(2) Proposition 4.1 tells us thatA∗
iA

∗
j =

∑d
k=0 q

k
ijA

∗
k and we also have (|X|Ei)◦(|X|Ej) =

∑d
k=0 q

k
ij(|X|Ek),

so |X|Ei 7→ A∗
i gives the correspondence between the basis of the algebra A◦ and A∗.

(3) Theorem 3.13 tell us that the map |X|Ei 7→ B∗
i gives the algebra isomorphism from A◦ to B∗, while we

also have that the map |X|Ei 7→ A∗
i gives the algebra isomorphism A◦ → A∗. Thus the map A∗

i 7→ B∗
i

gives the algebra isomorphism A∗ → B∗.

Definition 4.4: Terwilliger algebra

Let X = (X, {Ri}0⩽i⩽d) be a commutative association scheme and x0 ∈ X fixed. T = T (x0) =
⟨A,A∗⟩ ⊂MX(C) is called Terwilliger algebra and x0 is called the base point of X.
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Let A,B ∈MX(C), we define the inner product of A and B by

(A,B) := τ
(
A ◦B

)
where τ(M) =

∑
(x,y)∈X×X M(x, y). Equivalently (A,B) = tr

(
A Bt

)
.

Lemma 4.5

Let α, β, γ, i, j, k ∈ {0, 1, . . . , d}.

(1)
(
EαA

∗
βEγ , EiA

∗
jEk

)
= δαiδβjδγkq

γ
αβmγ ;

(2)
(
E∗

αAβE
∗
γ , E

∗
i AjE

∗
k

)
= δαiδβjδγkp

γ
αβkγ .

Corollary 4.6

(1) qkij ⩾ 0;

(2) EαA
∗
βEγ = 0 ⇐⇒ qγαβ = 0;

(3) E∗
αAβE

∗
γ = 0 ⇐⇒ pγαβ = 0.

Proof of Lemma 4.5. (1) Note that Ek
t = Ek and tr(AB) = tr(BA), we have(

EαA
∗
βEγ , EiA

∗
jEk

)
= tr

(
EαA

∗
βEγ Ek

t A∗
j

t Ek
t
)

= tr
(
EiEαA

∗
βEγEk A

∗
j

t
)

=δαiδγk tr
(
EαA

∗
βEγ A

∗
j

t
)

=δαiδγk
∑

x,y∈X

Eα(x, y)A
∗
β(y, y)Eγ(y, x)A∗

j (x, x)

=δαiδγk
∑

x,y∈X

Eα(x, y) |X|Eβ(x0, y)Eγ(y, x) |X|Ej(x0, x)

=δαiδγk |X|2
∑

x,y∈X

Eβ(x0, y)
(
Eγ ◦ Eα

t
)
(y, x) |X|Ej(x0, x)

=δαiδγk |X|2
(
Eβ

(
Eγ ◦ Eα

t
)
Ej

)
(x0, x0)

=δαiδγk |X|
d∑

γ=0

qναγ(EβEνEj)(x0, x0)

=δαiδγkδβj |X| qβα̂γEβ(x0, x0)

=δαiδβjδγkq
β
α̂γQβ(0)

=δαiδβjδγkq
β
α̂γmβ

=δαiδβjδγkq
γ
αβmγ .
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(2) (
E∗

αAβE
∗
γ , E

∗
i AjE

∗
k

)
=δαiδγk tr

(
E∗

αAβE
∗
γ Aj
t
)

=δαiδγk
∑

x,y∈X

E∗
α(x, x)Aβ(x, y)E

∗
γ(y, y) Aj

t (y, x)

=δαiδγk
∑

x∈Γα(x0)

∑
y∈Γγ(x0)

Aβ(x, y) Aj
t (y, x)

=δαiδβjδγkp
γ
αβkγ .

Proposition 4.7

Let W be a subspace of V . If W is T -invariant, then W⊥ is T -invariant.

Proof. Note that T is closed under transpose-complex conjugate. Take v ∈ W⊥. For every A ∈ T and
w ∈W , we have

⟨w,Av⟩ =
⟨
Ā
t
w, v

⟩
= 0,

since Ā
t
w ∈W .

Lemma 4.8

(1) E∗
i 1 = Aix0;

(2) Eix0 = 1
|X|A

∗
i 1;

(3) Ax0 = A∗ 1.

Proof. (1) E∗
i 1 =

∑
x∈Γi(x0)

x = Aix0.

(2) By Eq. (4), we have Eix0 = 1
|X|
∑d

α=0Qi(α)Aαx0 = 1
|X|
∑d

α=0Qi(α)E
∗
α1 = 1

|X|A
∗
i 1.

(3) Note that dim(Ax0) = dim(A∗ 1) = d+ 1.

Definition 4.9

We call Ax0 = A∗ 1 the principal T -modules (primary T -module).

Definition 4.10

(1) Define vi = E∗
i 1 for i ∈ {0, 1, . . . , d}. The set of vectors {v0, v1, . . . , vd} are called the standard

basis of Ax0 = A∗ 1. Note that:
vi = E∗

i 1 = Aix0 ∈ v∗i ;
v0 + v1 + · · ·+ vd = 1 ∈ V0.

(2) Define v∗i = Eix0 for i ∈ {0, 1, . . . , d}. The set of vectors {v∗0 , v∗1 , . . . , v∗d} are called the dual
standard basis of Ax0 = A∗ 1. Note that:

v∗i = Eix0 = 1
|X|A

∗
i 1 ∈ Vi;

v∗0 + v∗1 + · · ·+ v∗d = x0 ∈ V ∗
0 .
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Proposition 4.11

For principal T -modules Ax0, we get:

(1) dim(Ei Ax0) = 1, for i ∈ {0, 1, . . . , d};

(2) dim(E∗
i Ax0) = 1, for i ∈ {0, 1, . . . , d};

(3) Ajvi =
∑d

k=0 p
k
jivk, representation of Aj with respect to the standard basis is Bj , where Bj =

(pkji);

(4) A∗
jv

∗
i =

∑d
k=0 q

k
jiv

∗
k, representation of Aj with respect to the standard basis is B∗

j , where B∗
j =

(qkji).

Ax0 has all the information on pkij and qkij .

vj = Ajx0 =

d∑
i=0

Pj(i)Eix0 =

d∑
i=0

Pj(i)v
∗
i ;

v∗j =
1

|X|
A∗

jI =
1

|X|

d∑
i=0

Qj(i)E
∗
i I =

1

|X|

d∑
i=0

Qj(i)vi.

Problem 4.1

We want to decompose V into irreducible T -modules.

There are already many works.

(1) Terwilliger [Ter92, Ter93a, Ter93b] introduced the subconstituent algebra T (or Terwilliger al-
gebra) of a commutative association scheme. He determined the structure of a thin, irreducible
T -module of a P- and Q- polynomial association scheme.

(2) Tomiyama–Yamazaki [TY94] studied the Terwilliger algebra T of strongly regular graphs and
determined the dimension of T .

(3) Bannai–Munemasa [TY94] studied the structure of the Terwilliger algebra of a group association
scheme. They calculated an upper bound as well as a lower bound of the dimension of T .

(4) Tanabe [Tan97] determined all irreducible T -modules of Doob schemes.

(5) Go [Go02] considered the irreducible complex T -modules of hypercube and the multiplicities of
each of the irreducible T -modules in CX are computed. Moreover, Go–Terwilliger [GT02] studied
irreducible T -modules of distance regular graphs.

(6) Ito and his students are studying the irreducible T -modules of J(v, k) and partial result was
included in Liang–Tan–Ito [LTI17].

5 Related Concepts of Association Scheme
5.1 Duality of association scheme
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Definition 5.1: Duality map

For a commutative association scheme X = (X, {Ri}0⩽i⩽d) with the Bose-Mesner algebra A. A linear
automorphism map Ψ : A 7→ A is called a duality map, if the following conditions are satisfied:

(1) Ψ(MN) = Ψ(m) ◦Ψ(N) for all M,N ∈ A;

(2) Ψ2(M) = |X| Mt for all M ∈ A.

A commutative association scheme X is called self-dual if there exists a duality map from A to A.

The definition of “duality” comes from [BBJ97].

Example 5.2

(1) Hamming association scheme H(d, q) is self-dual;

(2) Johnson association scheme J(v, d) is not self-dual.

Proposition 5.3

Let Ψ be a duality map. Then

(1) Ψ(M)
t

= Ψ( Mt );

(2) Ψ(M ◦N) = 1
|X|Ψ(M)Ψ(N).

Proof. (1) Note that

|X|Ψ( Mt ) = Ψ(|X| Mt ) = Ψ(Ψ2(M)) = Ψ2(Ψ(M)) = |X| (Ψ(M))
t

.

Thus,we have Ψ(M)
t

= Ψ( Mt ).

(2) Note that

|X| (Ψ(M)Ψ(N))
t

= Ψ2(Ψ(M)Ψ(N)) = Ψ(Ψ2(M) ◦Ψ2(N)) = |X|2 Ψ(M ◦N)
t

.

Thus,we have Ψ(M ◦N) = 1
|X|Ψ(M)Ψ(N).

Proposition 5.4

The following are equivalent:

(1) X = (X, {Ri}0⩽i⩽d) is self-dual;

(2) By arranging the order of R0, R1, . . . , Rd appropriately, we get P = Q.

Proof. (1) ⇒ (2). Let Ψ be a duality map. By Proposition 5.3, Ψ(M) = Ψ(J ◦M) = 1
|X|Ψ(J)Ψ(M) =

Ψ(E0)Ψ(M) for all M ∈ A. Hence Ψ(E0) = I = A0. Moreover, Ψ(Ei) = Ψ(E2
i ) = Ψ(Ei) ◦ Ψ(Ei) and then

entries of Ψ(Ei) are either 0 or 1.
Since Ψ is the automorphism A 7→ A, we have {Ψ(E0),Ψ(E1), . . . ,Ψ(Ed)} = {A0, A1, . . . , Ad}. Changing
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the order of R0, R1, . . . , Rd if necessary,we may assume that Ψ(Ei) = Ai for all i ∈ {0, 1, . . . , d}. Then

Ai =Ψ(Ei) =
1

|X|

d∑
j=0

Qi(j)Ψ(Aj)

=
1

|X|

d∑
j=0

Qi(j)Ψ
2(Ej)

=

d∑
j=0

Qi(j) Ej
t =

d∑
j=0

Qi(j)Ej .

So Ai = Ai =
∑d

j=0Qi(j)Ej . Thus,Pi(j) = Qi(j).
(2) ⇒ (1). Order R0, R1, . . . , Rd, so that P = Q i.e., Pi(j) = Qi(j) for all i, j. Then it is easily checked

that
Ψ(Ei) = Ai, i ∈ {0, 1, . . . , d}

gives a self-dual map.

Remark 5.5

There are some related works of Jaeger. [Jae96, JMN98]

5.2 Fusion scheme of association scheme
Let X = (X, {Ri}0⩽i⩽d) be a commutative association scheme. Combing Ri’s, can we get a new association
scheme?

Definition 5.6

Let {0, 1, . . . , d} be the index set and {0, 1, . . . , d} = {0} ⊔ Λ1 ⊔ Λ2 ⊔ · · · ⊔ Λd̃.
Also,let R̃0 = R0, R̃1 = ∪j∈Λ1

Rj , . . . , R̃d̃ = ∪j∈Λ
d̃
Rj . If X̃ = (X, {R̃i}0⩽i⩽d̃) is an association scheme,

then X̃ is called a fusion scheme of X.

• Fusion scheme of H(d, q) is classified for q ≥ 4. See [Muz92a]

• Fusion scheme of J(v, d) is classified for some v ≥ f(d). See [Muz92b, Uch92]

• Fusion schemes of group association scheme: many work by Q. Xiang, H. Tanaka and Iwakata.

Question 5.1

Let G be any finite group. Find all fusion schemes of X(G).

Theorem 5.7: Bannai-Muzycluk criterion [Ban91]

Let X = (X, {Ri}0⩽i⩽d) be a commutative association scheme. Let X̃ = (X, {R̃i}0⩽i⩽d̃) be a fusion
scheme of X if and only if the following conditions are satisfied:

(1) For each i ∈ {1, 2, . . . , d̃}, R̃i

t
∈ {R̃0, R̃1, . . . , R̃d̃};

(2) There is another partition of {0, 1, . . . , d}, such that {0, 1, . . . , d} = {0} ⊔ F1 ⊔ F2 ⊔ · · · ⊔ Fd̃ and
if we define Ẽ0 = E0, Ẽ1 =

∑
j∈F1

Ej , . . . , Ẽd̃ =
∑

j∈F
d̃
Ej

, then Ẽi

t
∈ {Ẽ0, Ẽ1, . . . , Ẽd̃};

(3) Let P |Fk×Λl
be the restriction of P to Fk × Λl, then each row sum is constant. That is, for each

i ∈ Fk,
∑

j∈Λl
Pj(i) does not depend on i.
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Proof. For each ℓ ∈ {0, . . . , d̃}, define Ãℓ =
∑

j∈Λℓ
Aj .

“⇒” Suppose X̃ is a fusion scheme. Then A0 = Ã0, Ã1, . . . , Ãd̃ are the adjacent matrices of X̃. So (1) is
obviously true.

Let E0 = Ẽ0, Ẽ1, . . . , Ẽd̃ be the basis of primitive idempotents of X̃. Then Ẽk’s are mutually orthogonal
primitive idempotents i.e., ẼiẼj = δijẼi. So (2) holds.

Let P̃ be the first eigenmatrix of X̃, then ÃℓẼk = P̃ℓ(k)Ẽk. So

(
∑
j∈Λℓ

Aj)(
∑
i∈Fk

Ei) =
∑
i∈Fk

∑
j∈Λℓ

AjEi

=
∑
i∈Fk

( ∑
j∈Λℓ

Pj(i)
)
Ei

=P̃ℓ(k)
∑
i∈Fk

Ei.

So for all i ∈ Fk,
∑

j∈Λℓ
Pj(i) = P̃l(k). Thus (3) holds.

“⇐” Suppose the conditions (1) to (3) hold.
Since X̃ is an association scheme, we have the conditions (1′) to (4′) Note that {Ã0, Ã1, . . . , Ãd̃} and

{Ẽ0, Ẽ1, . . . , Ẽd̃} are linear independent. According to condition (3), we have

Ãℓ =
∑
j∈Λℓ

Aj =
∑
j∈Λℓ

d∑
v=0

Pj(v)Ev

=

d̃∑
k=0

∑
v∈Fk

∑
j∈Λℓ

Pj(v)Ev

=

d̃∑
k=0

( ∑
v∈Fk

P̃ℓ(v)Ev

)
=

d̃∑
k=0

P̃ℓ(k)Ẽk.

So the space spanned by {Ã0, Ã1, . . . , Ãd̃} and {Ẽ0, Ẽ1, . . . , Ẽd̃} are the same one. The space spanned by
{Ẽ0, Ẽ1, . . . , Ẽd̃} is closed under ordinary matrix multiplication. Therefore ÃkÃℓ ∈< Ẽ0, Ẽ1, . . . , Ẽd̃ >=<

Ã0, Ã1, . . . , Ãd̃ >, for all k, ℓ ∈ {0, 1, . . . , d}. According to the definition, the conclusion is obvious.

5.3 Primitive association scheme and imprimitive association scheme
Let X = (X, {Ri}0⩽i⩽d) be a commutative association scheme (not necessarily symmetric). Let (X,Ri)
be a graph (maybe directed). The graph (X,Ri) is connected if for all x, y ∈ X, there exists a path
x = x0, x1, . . . , xr = y such that (xj , xj+1) ∈ Ri, for all j ∈ {0, 1, . . . , r − 1}. Since for every Ri there is a
path of length 0 from x to x, we assume that x and x are connected by every Ri.

Definition 5.8: Primitive association scheme

An association scheme X = (X, {Ri}0⩽i⩽d) is called primitive if the graphs (X,Ri) are connected
for all i ∈ {1, . . . , d}. An association scheme X = (X, {Ri}0⩽i⩽d) is called imprimitive, if it is not
primitive.

Let X = (X, {Ri}0⩽i⩽d) be an association scheme. Define

Γ(i)(x) := {y ∈ X : there exists a path from x to y in (X,Ri)}.
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Proposition 5.9

For all i ∈ {0, 1, . . . , d},

(1) |Γ(i)(x)| does not depend on x ∈ X;

(2) y ∈ Γ(i)(x) implies x ∈ Γ(i)(y).

Proof. (1) Let Λ0 = {0}, Λ1 = {i}. For ℓ ∈ {2, . . . , d}, define

Λℓ := {ν : there exists µ ∈ Λℓ−1 such that pνµi > 0 and ν /∈ Λj for every 0 ⩽ j ⩽ l − 1}.

Then |Γ(i)(x)| =
∑d

ℓ=0

(∑
ν∈Λℓ

kν
)
.

(2) Let z ∈ Γ(i)(y). Since y ∈ Γ(i)(x), we obtain z ∈ Γ(i)(x). And then Γ(i)(y) ⊆ Γ(i)(x). By (1),
|Γ(i)(y)| = |Γ(i)(x)|. Then,we have Γ(i)(y) = Γ(i)(x). Note that x ∈ Γ(i)(x). So x ∈ Γ(i)(y).

Definition 5.10: Distribution graph

Given an association scheme X = (X, {Ri}0⩽i⩽d), define a graph ∆Ai
for each i ∈ {0, 1, . . . , d} by setting

the vertex set {0, 1, . . . , d} and the arc set {(j, k) : pkij > 0}. We call the graph ∆Ai
a distribution

graph of X.

Note that if X is symmetric then ∆Ai
is an undirected graph. Indeed, we have kℓp

k
ij = kjp

j
i′ℓ and by

symmetric i′ = i.

Lemma 5.11

Let i, ν, µ ∈ {0, 1, . . . , d}. Then the following conditions are equivalent:

(1) For every (x0, y) ∈ Rµ, there exists a vertex x ∈ Γν(x0) and a path in (X,Ri) from x to y;

(2) For a particular (x0, y) ∈ Rµ, there exists a vertex x ∈ Γν(x0) and a path in (X,Ri) from x to y;

(3) There is a path from ν to µ in ∆Ai
.

Proof. (1) ⇒ (2) It is obvious.
(2) ⇒ (3) There is a path x = µ0, µ1, . . . , µr = y with ν0 = ν, νr = µ, (x0, uj) ∈ Rνj

where j ∈ {1, . . . , r}.
Then we have:

pν1
iν = pν1

νi > 0

pν2
iν1

= pν2
ν1i

> 0

· · ·
pνr
iνr−1

= pµiνr−1
> 0

So there exists a path from ν to µ in ∆Ai .
(3) ⇒ (1) By condition (3), there are positive numbers:

pν1
iν = pν1

νi , p
ν2
iν1
, . . . , pνr

iνr−1
= pµiνr−1

Namely, there is a path in (X,Ri) for any (x0, y) ∈ Rµ:

y = µr, µr−1, . . . , µ0 = x

such that (x0, yj−1) ∈ Rvj−1
and (µj−1, µj) ∈ Ri. Then (x0, x) ∈ Rν and x = µ0, µ1, . . . , µr = y give a path

from x to y in (X,Ri).
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Corollary 5.12

In the distribution graph ∆Ai
. There is a path from ν to µ if and only if there is a path from µ to ν.

For ν, µ ∈ {0, 1, . . . , d}, write ν ∼i µ if there exists a path from ν to µ in ∆Ai . Then ∼i is a equivalent
relation.

Proposition 5.13

Let Ω be the connected component of ∆Ai
containing 0. Let RΩ :=

∪
α∈ΩRα. Then

(1) For every x, y ∈ X, (x, y) ∈ RΩ. ⇔ There exists a path from x to y in (X,Ri).

(2) RΩ is an equivalent condition on X.

Proof. (1) “⇐” Let (x, y) ∈ Rµ and there is a path from x to y in (X,Ri). Let ν = 0 and x0 = x. Then
there is a path from 0 to µ in ∆Ai . So µ ∈ Ω.
“⇒” Let (x, y) ∈ RΩ. Then there exists µ ∈ Ω, such that (x, y) ∈ Rµ. So there is a path from 0 to µ
in ∆Ai . Put ν = 0 and x0 = x in Lemma 5.11. Then there is a path from x to y in (X,Ri);

(2) Define the relation ∼
Ri

on X. x ∼
Ri

y. ⇔ There is a path from x to y in (X,Ri). This is an equivalent
relation. Note that by (1), this is equivalent to (x, y) ∈ RΩ. So RΩ is an equivalent relation.

Corollary 5.14

(X,Ri) is connected if and only if ∆Ai
is connected.

Proof. Because of the fact that:

(1) (X,Ri) is connected. ⇐⇒ x ∼
Ri

y for all x, y ∈ X;

(2) For (x, y) ∈ Rµ, x ∼
Ri

y ⇔ µ ∈ Ω;

we have

(X,Ri) is connected. ⇐⇒ Ω = {0, 1, . . . , d}
⇐⇒ ∆Ai

is connected.

Proposition 5.15

The following are equivalent:

(1) X is imprimitive;

(2) There exists a subset Ω with 0 ⫋ Ω ⫋ {0, 1, . . . , d} such that RΩ =
∪

α∈ΩRα gives an equivalent
relation on X.

Proof. (1) ⇒ (2) there exists i ̸= 0, i ∈ {0, 1, . . . , d} such that (X,Ri) is disconnected. By Corollary 5.14,
∆Ai

is disconnected. Let Ω be the connected component of {0, 1, . . . , d} which contains 0. Then RΩ satisfies
the condition (2).

(2) ⇒ (1) Let i ∈ Ω with i ̸= 0. x ∼
Ri

y implies x and y are in the same equivalent class in RΩ. So (X,Ri)

is disconnected.
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Define a matrix B∗
i := (qkij)0⩽j⩽d,0⩽k⩽d. The eigenvalues of B∗

i are Qi(0), Qi(1), . . . , Qi(d). Define a
matrix Bi := (pkij)0⩽j⩽d,0⩽k⩽d. The eigenvalues of Bi are Pi(0), Pi(1), . . . , Pi(d).

If X is symmetric, then ∀Qi(j) ∈ R.
∑d

j=0 q
k
ij = mi = Qi(0) and Pi(0) = ki.

Definition 5.16: Representation graph

Given an association scheme X = (X, {Ri}0⩽i⩽d), define a graph ∆Ei for each i ∈ {0, 1, . . . , d} by setting
the vertex set {0, 1, . . . , d} and the arc set {(j, k) : qkij > 0}. We call the graph ∆Ei a representation
graph of X.

Note that if X is symmetric then ∆Ei
is also an undirected graph.

Proposition 5.17

X = (X, {Ri}0⩽i⩽d) is a commutative association scheme.

(1) |Pj(i)| ⩽ Pj(0) = kj ;

(2) The multiplicity of the eigenvalue Pj(0) in Bj is 1. ⇔ the distribution graph ∆Aj
is connected;

(3) |Qj(i)| ⩽ Qj(0) = mj ;

(4) The multiplicity of the eigenvalue Qj(0) in B∗
j is 1. ⇔ the representation graph ∆Ej is connected.

Proof. (1) We have the following equation:

(x0, x1, . . . , xd)Bj = Pj(i)(x0, x1, . . . , xd).

Let j0 ∈ {0, 1, . . . , d} with |xj0 | ⩽ |xj |. Consider the j0-th coordinate, then we have:

d∑
ℓ=0

Bj(ℓ, j0)xl = Pj(i)xj0

So

|Pj(i)xj0 | ⩽
d∑

ℓ=0

|xl|Bj(ℓ, j0) ⩽ |xj0 |
d∑

ℓ=0

P j0
jℓ = |xj0 |kj .

which means |Pj(i)| ⩽ kj . Thus (1) holds.

(2) (2) is similar to (4).

(3) (3) is similar to (1) and we can use B∗
j (ℓ, j0) = qj0jℓ and

∑d
ℓ=0 q

j0
jℓ = mj .

(4) Without loss of generality, we take j = 1.
“⇐” Suppose ∆E1

is connected, then the dimension of the space of the eigenvalue Qi(0)(= mi) is 1.
We have the following equation:

(x0, x1, . . . , xd)B
∗
1 = m1(x0, x1, . . . , xd)

with m1 = Q1(0).
Let i0 ∈ {0, 1, . . . , d} with |xi0 | ≥ |xl| (0 ⩽ l ⩽ d). (We can assume that xi0 > 0.) Consider the i0-th
coordinate of (x0, x1, . . . , xd)B∗

1 = m1(x0, x1, . . . , xd) with m1 = Q1(0), then we have:

m1xi0 =

d∑
k=0

xkq
i0
1k =

s∑
k=0

xvkq
i0
1k ⩽ xi0

s∑
k=0

q1vk
i0 = xi0m1.
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So xv1 = xV2 = · · · = xvs = xi0 and as a result ∆E1 is connected.
“⇒” If ∆E1

is not connected and it has r connected components, the dimension of the eigenvalue space
for Q1(0) is r.

Proposition 5.18

The following are equivalent:

(1) there exists j ̸= 0, such that ∆Aj
is disconnected;

(2) there exists i ̸= 0, such that ∆Ei is disconnected.

Proof. (2) ⇒ (1) By Proposition 5.17 (4), the multiplicity of Qi(0) in B∗
i is greater than 1, i.e., there exists

j ̸= 0 such that Qi(j) = Qi(0). Since the following equation is satisfied:

Qj(i)

mj
=
Pi(j)

ki

and
Qi(j)

mi
=
Pj(i)

kj
.

Also, we have
mi = Qi(0), kj = Qj(0).

Then we have
1 =

Qi(j)

Qi(0)
=
Pj(i)

Pj(0)
.

Hence Pj(i) = Pj(0) = kj . By Proposition 5.17 (2), ∆Aj is disconnected.
(1) ⇒ (2) Similar.

Proposition 5.19

The followings are equivalent:

(1) X is imprimitive;

(2) ∆Aj
is connected for every j ̸= 0;

(3) ∆Ei
is connected for every i ̸= 0.

Let ΩΩ′ ⊂ {0, 1, . . . , d}. We introduce the following notations.

• AΩ =
∑

α∈ΩAα;

• RΩ =
∑

α∈ΩRα;

• ΩΩ′� = {k : exists i ∈ Ω,∃j ∈ Ω′ such that pkij ̸= 0}.

Proposition 5.20

(1) ΩΩ′ = {k : (AΩ ◦AΩ′) ◦Ak ̸= 0};

(2) (ΩΩ′)Ω′′ = Ω(Ω′Ω′′) = {k : (AΩ ◦AΩ′ ◦AΩ′′) ◦Ak ̸= 0}.
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Lemma 5.21

For Ω ⊂ {0, 1, . . . , d}, the following are equivalent:

(1) Ω2 = Ω;

(2) RΩ gives an equivalent relation on X.

Proof. (1) ⇒ (2) Consider the graph (X,RΩ). Take (x, y) ∈ Rα, α ∈ Ω. Consider a path

x = x0
α
⇀x1

α
⇀ · · · α

⇀xr = xs
α
⇀xr+1

α
⇀ · · · α

⇀xs−1
α
⇀xs.

x
α // x1

α // · · · α // xr = xs
α // xr−1

α // · · · α //

α
ss

xs−1

α

^^

Since Ω = Ω2, we have (xi, xj) ∈ Ω, for all i < j. In particular (xr, xr) = (xr, xs) ∈ RΩ, then 0 ∈ Ω.
And we have (xs, xs−1) = (xr, xs−1) ∈ RΩ, then α′ ∈ Ω. This implies reflexivity and symmetricity. Note
that Ω2 = Ω implies the transitivity.

(2) ⇒ (1) RΩ is an equivalence relation means, (AΩ)
2 = kΩAΩ, where kΩ =

∑
α∈Ω kα. So we have

Ω2 = Ω.

5.4 Subscheme and quotient scheme

Recall

We say G→ X is trancitively, which shows as follows

• G is called imprimitive if and only if there exists a partion of X = X1 ⊔X2 ⊔ . . . ⊔Xr such that
G stabilizes X1, . . . , Xr globally.

• G is primitive ⇔ Gx(x ∈ X) is a max subgraph of G, Gx ⫋ GX1 ⫋ G.

According to Proposition 5.15 and Lemma 5.21, X = (X, {Ri}0⩽i⩽s) is imprimitive commutative associ-
ation scheme if and only if there exists Ω ⊂ {0, 1, . . . , d},Ω ̸= {0},Ω ̸= {0, 1, . . . , d}, such that Ω2 = Ω, and
RΩ gives an equivalence relation on X.

Let X1, X2, . . . , Xr be the decomposition of X into equivalence relation by Ω.
Then Σ = {X1, X2, . . . , Xr} is called the system of imprimitivity. Then Aα(α ∈ Ω) is in the following

form

Aα =

X0 X1 · · · · · · Xr



X0 ∗ 0 · · · · · · 0

X1 0 ∗ 0
. . . ...

...
... . . . . . . . . . ...

...
... . . . . . . . . . 0

Xr 0 · · · · · · 0 ∗

.

Note that
|X1| = |X2| = · · · = |Xr| =

∑
α∈Ω

Kα = kΩ =
|X|
r
,
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we have

AΩ =

X0 X1 · · · · · · Xr



X0 J 0 · · · · · · 0

X1 0 J 0
. . . ...

...
... . . . . . . . . . ...

...
... . . . 0 J 0

Xr 0 · · · · · · 0 J

.

There are two association schemes naturally attached to this situation

• Subscheme: association scheme on each Xi.

• Quotient scheme: association scheme on Σ.

Take Y = X1, then we have that Aα|Y×Y is an adjacent matrix of the graph (Y,Rα) of valency Kα. By
Ω2 = Ω, and Ω2 = {k : (AΩ ◦ AΩ) ◦ Ak ̸= 0}. The space spanned by {Aα : α ∈ Ω} is closed under ordinary
matrix multiply, i.e., AΩ := ⟨Aα : α ∈ Ω⟩ is a subalgebra of A.

Since 0 ∈ Ω and A0 = I ∈ AΩ, we have dim⟨Aα|Y×Y |α ∈ Ω⟩ = |Ω| = dim⟨Aα|α ∈ Ω⟩.
Since ⟨Aα|Y×Y ⟩ contains I = A0|Y×Y and J = AΩ|Y×Y , it satisfies the conditions (1′) to (5′) of a

commutive association scheme. So (Y, {Rα|Y×Y }α∈Ω is a commutive association scheme and ⟨Aα|Y×Y |α ∈ Ω⟩
is its Bose-Mesner algebra.

Definition 5.22: Subscheme

Y = (Y, {Rα|Y×Y }α∈Ω) is called a subscheme of X.

Note that |Ω| = s+1. Then AΩ has s+1 primitive idempotents (unique as a set) each of them is a sum
of E0, E1, . . . , Ed. Namely there is a partition, {0, 1, . . . , d} = Λ0 ⊔ Λ1 ⊔ . . . ⊔ Λs with {EΛi =

∑
α∈Λi

Eα :
0 ⩽ i ⩽ s} are the primitive idempotents of AΩ.

So {EΛi
|Y×Y : α ∈ Ω} is a primitive idempotent basis of ⟨Aα|Y×Y : α ∈ Ω⟩. Since

AΩ|Y×Y = JkΩ ∈ ⟨Aα|Y×Y |α ∈ Ω⟩,

we have
1

kΩ
AΩ|Y×Y =

1

kΩ
JkΩ

= EΛi
|Y×Y

for some i ∈ {0, 1, . . . , d}. By changing the ordering of

{Λi|0 ⩽ i ⩽ s},

we have EΛi |Y×Y = 1
kΩ
JkΩ , let us denote Λ = Λ0.

Proposition 5.23

We use the previous notation, for the subscheme Y of a commutive association scheme X, the following
conditions hold,

(1) 0 ∈ Λ;

(2) Λ ◦ Λ := {k : exists i, j ∈ Λ, such that qkij ̸= 0 } = Λ;

(3) The first eigenmatrix
(
Pj(Λi)

)
0⩽i⩽s,j∈Ω

satisfies Pj(Λi) = Pj(α) for all α ∈ Λi, j ∈ Ω;

(4) The second eigenmatrix (QΛj
(i))0⩽j⩽s,i∈Ω of Y satisfies QΛj

(i) = |Y |
|X|
∑

α∈Λj
Qα(i). Moreover, if

i ∈ Λ, then
∑

α∈Λj
Qα(i) = 0.
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Proof. (1) E0EΛ = 1
|X|

1
kΩ
JAΩ = 1

|X|J = E0, so 0 ∈ Λ.

(2) kΩEΛ = AΩ, AΩ ◦AΩ = AΩ, EΛ ◦ EΛ = 1
|X|
∑

i,j∈Λ(
∑d

k=0 q
k
ijEk) so Λ ◦ Λ = Λ.

(3) The correspondence Aα 7→ Aα|Y×Y gives an algebra isomorphism AΩ to ⟨Aα|Y×Y |α ∈ Ω⟩. Then
Aj =

∑s
i=0 Pj(Λi)EΛi

, Aj =
∑d

α=0 Pj(α)Eα, for j ∈ Ω.

(4) For j ∈ {0, 1, . . . , s}, we have EΛj = 1
|Y |
∑

i∈ΩQΛj (i)Ai. While Eα = 1
|X|
∑d

i=0Qα(i)Ai, since EΛj =∑
α∈Λj

Eα.

Define AΛ := ⟨Ei : i ∈ Λ⟩ ⊂ A with |Ω| = s+ 1. Let |Λ| = t+ 1, then dim(AΛ) = t+ 1. Since Λ ◦Λ = Λ,
AΛ is closed under Hadamard product.

Since EΛ = 1
kΩ
AΩ and tAΩ = AΩ, for each i ∈ Λ, there exists j ∈ Λ, such that tEi = Ej . So AΛ is closed

under taking transpose.
Since 0 ∈ Λ and |X|E0 = J ∈ AΛ, then J ∈ AΛ (identity with respect to Hadamard product).
For each j ∈ Λ, EΛEj = EjEΛ = Ej , so EΛ is the identity with respect to ordinary product in AΛ.

Moreover, AΛ has the basis of primitive idempotents, so there is a partition, {0, 1, . . . , d} = Ω0⊔Ω1⊔ . . .⊔Ωt

with primitive idempotent basis with respect to Hadamard product

Aωi
=
∑
α∈Ωi

Aα

for 0 ⩽ i ⩽ t. Then AΛ = ⟨AΩ : 0 ≤ i ≤ t⟩. Write Ω0 with 0 ∈ Ω0. Then

J = |X|E0 = AΩ0 +AΩ1 + · · ·+AΩt.

Proposition 5.24

The following hold.

(1) For each i ∈ {1, . . . , t}, we have AΩi
AΩ = AΩAΩi

= kΩAΩ.

(2) For the system of imprimitivity X1, . . . , Xr, we have AΩi |Xα×Xβ
= 0 or J .

(3) Let Σ = {X1, X2, . . . , Xr} and

Di(α, β) =

{
1, if AΩi |Xα×Xβ

= J ;
0, if AΩi

|Xα×Xβ
= 0.

Then AΩi
= D ⊗ J .

Proof. (1) AΩ = ⟨Ej : j ∈ Λ⟩ = ⟨AΩi
: 0 ⩽ i ⩽ t⟩ and EΛ = 1

kΩ
AΩ is the identity element of AΛ.

(2) Compare the Xα ×Xβ block of AΩAΩi = kΩAΩi . We have

J(AΩ)α,β = kΩ(AΩ)α,β (6)

the entries of (AΩi
)α,β are 0 and 1. So in order to have the equality in Eq. (6), either (AΩi

)α,β = J or
0.

(3) It is obvious from (2).
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Since each Ej ∈ AΛ is a linear combination of {AΩℓ
: 0 ⩽ ℓ ⩽ t} we have

Ej =
1

|X|

t∑
ℓ=0

Q̃j(ℓ)AΩℓ

=
1

r
(

t∑
ℓ=0

Q̃j(ℓ)D(ℓ)⊗ (
1

kΩ
J).

Define
Fj =

1

r

∑
l=0

tQ̃j(l) ·D(l),

where j ∈ {0, 1, . . . , t}. Note that |X| = rkΩ.

Proposition 5.25

(1) Define the map φ from ⟨Ei : i ∈ Λ⟩ to ⟨Di : 0 ⩽ i ⩽ t⟩ by φ( 1
kΩ
AΩi) = Di.

then φ gives the algebra isomorphism.

(2) For each i, (0 ⩽ i ⩽ t), there exists j ∈ {0, 1, . . . , t} such that Di
t = Dj .

(3) If AΩ = AΩ0
then D0 = I,Ω0 = Ω.

(4) ⟨Di : 0 ⩽ i ⩽ t⟩ is the Bose-Mesner algebra of a commutive association scheme on Σ (the system
of imprimitivity).

(5) F0, F1, . . . , Ft become the primitive idempotent basis of Bose-Mesuer algebra ⟨Di : 1 ⩽ i ⩽ t⟩, we
also have φ(Ej) = Fj .

Proof. (1) Note that ( 1
kΩ
J)2 = 1

kΩ
J . So φ : Di ⊗ ( 1

kΩ
J) 7→ Di gives the isomorphism from

AΛ = ⟨AΩi
�0 ⩽ i ⩽ t⟩

to
⟨Di : 0 ⩽ i ⩽ t⟩ ⊂Mr(C).

(2) Define Ω′
i = {α′ : α ∈ Ωi}, then tAΩi = AΩ′

i
, for i ∈ {0, 1, . . . , t}.

So ΩΛ is closed under taking transpose. Then AΩ
′
i
∈ AΛ and {AΩ0

, AΩ1
, . . . , AΩt

} are idempotent with
respect to Hadamard product of AΛ. Hence A′

Ω ∈ {AΩ0
, AΩ1

, . . . , AΩt
} i.e., Ω′

i = Ωj for some j. That
means for each i ∈ {0, . . .mt} there exist j such Di

t = Dj .

(3) AΩ = kΩEΛ ∈ AΛ, so AΩ is a sum of {AΩ0
, AΩ1

, . . . , AΩt
}. Since AΩ = I ⊗ J and AΩ =

∑
ℓ∈Ω0

Al,
then AΩ = AΩ0

. Hence Ω0 = Ω and D0 = I.

(4) By J = AΩ0
+AΩ1

+ · · ·+AΩt
, we have

D0 +D1 + · · ·+Dt = J.

so, all the condition (1′) to (5′) of Bose-Mesner algebra are satisfied.

(5) It is obvious from (1).
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Definition 5.26: Quotient scheme

Let X = (X, {Ri}0⩽i⩽d) be a commutive association scheme. Suppose X is imprimitive i.e., there
exists Ω such that 0 ⫋ Ω ⫋ {0, 1, . . . , d}. By Proposition 5.25 (4), the commutive association scheme
(Σ, Di0≤i≤t) is well-defined. And this is called the quotient scheme of X.

Proposition 5.27

The P̃ and Q̃ of the quotient scheme are

(1) For i ∈ Λ and 0 ⩽ j ⩽ t, we have

P̃j(i) =
1

kΩ

∑
α∈Ωj

Pα(i),

and for i ̸∈ Λ, 0 ⩽ j ⩽ t we have ∑
α∈Ωj

Pα(j) = 0.

(2) For every α ∈ Ω, j ∈ Λ,
Q̃j(i) = Qj(α).

Proof. In the quotient scheme,
Dj =

∑
i∈Λ

P̃j(i)Fi, 0 ⩽ j ⩽ t

and

Fj =

t∑
i=0

Q̃j(i)Di, j ∈ Λ.

We have defined the algebra isomorphism

φ : ⟨Ei : i ∈ Λ⟩ → ⟨Di : 0 ⩽ i ⩽ t⟩,

then φ( 1
kΩ
AΩi) = Di. If we pull back, in AΛ = ⟨Ei : i ∈ Λ⟩ = ⟨AΩi : 0 ⩽ i ⩽ t⟩, we have

1

kΩ
AΩj

=
∑
i∈Λ

P̃j(i)Ei, 0 ⩽ j ⩽ t

and

Ej =
1

|X|

t∑
i=0

Q̃j(i)AΩi , j ∈ Λ.

While

AΩj
=
∑
α∈Ωj

Aα =

d∑
i=0

(
∑
α∈Ωj

Pα(i))Ei

and

Ej =
1

|X|

d∑
α=0

Qj(α)Aα.

Hence (1) and (2) follow.

37



6 Distance Regular Graph and P-polynomial Association Scheme
6.1 Distance regular graph

Definition 6.1: Distance regular graph

Let Γ = (X,E) be an undirected simple graph diameter d. We define Γi(x) = {y ∈ X : d(x, y) = i},
where d(x, y) is the distance from x to y. Let y ∈ Γi(x), if we have the following items

• |Γi−1(x) ∩ Γ1(y)| = ci, (i = 1, 2, . . . , d);

• |Γi(x) ∩ Γ1(y)| = ai, (i = 0, 1, . . . , d);

• |Γi+1(x) ∩ Γ1(y)| = bi, (i = 1, 2, . . . , d− 1);

are independent of x ∈ X and y ∈ Γi(x) (but depend only on i), then Γ is called a distance regular
graph.

We usually assume c0 = 0, bd = 0 or not defined. Moreover, b0 = k is the valency of regular graph
Γ.

One can check that:

• k = ci + ai + bi, (i = 0, 1, . . . , d).

• c1 = |Γ0(x) ∩ Γ1(y)| = |{x}| with y ∈ Γ1(y).

• ci > 0, for i = 1, 2, . . . , d, since Γ is of diameter d.

• a0 = 0.

Remark 6.2

Let ki = |Γi(x)|, then k0 = 1, k1 = k, ki+1 = ki · bi
ci+1

. In fact, we can count the number of edges between
Γi(x) and Γi+1(x).

Proposition 6.3

Let Γ = (X,E) be a distance regular graph, define Ri = {(x, y) ∈ X × X : d(x, y) = i}, then
X = (X, {Ri}0⩽i⩽d is a symmetric association scheme of class d.

Proof. Obviously, Ai’s satisfy the conditions (1′) to (3′), (5′) and (6′).
Here we just show the proof of (4′). Since we have the following equations

AjA1(x, y) =
∑
z∈X

Aj(x, z)Ai(z, y) = |Γj(x) ∩ Γ1(y)| =


cj+1, if d(x, y) = j + 1;
aj , if d(x, y) = j;
bj−1, if d(x, y) = j − 1 ;
0, if |d(x, y)− j| ⩾ 2.

(7)

Then for 1 ⩽ j ⩽ d− 1, we have AjA1 = cj+1Aj+1 + ajAj + bj−1Aj−1. Hence Aj is a polynomial of degree
j of A1. Since the graph Γ has valency k = b0,

(A1 − kI)J = A1J − kJ = 0,

thus
(A1 − kI)(A0 +A1 + · · ·+Ad) = 0,
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where A0, A1, . . . , Ad are linear independent. So the minimum polynomial of A1 is given by

(x− k)(polynomial of degree d on X)

The vector space spanned by A0, A1, . . . , Ad is closed under ordinary matrix multiplication, i.e., there exists
pkij ∈ Z⩾0 such that AiAj =

∑d
l=0 p

l
ijAl, so (4′) holds. Hence X = (X, {Ri}0⩽i⩽d) is a symmetric association

scheme.

6.2 P-polynomial association scheme

Definition 6.4: P-polynomial association scheme

Let X = (X, {Ri}0⩽i⩽d) be a symmetric association scheme of class d, choosing some ordering of
R0, R1, . . . , Rd, if each Ai(i = 1, 2, . . . , d) is a polynomial of degree i on A1 (i.e., Ai = vi(A1), for some
polynomial vi of degree i. X is called a P-polynomial association scheme.

Note that the Bose-Mesner algebra of X is generated by A1.

Theorem 6.5

(1) Let X = (X, {Ri}0⩽i⩽d) be a P-polynomial association scheme (with respect to some ordering
of R0, R1, . . . , Rd). Define E = {{x, y} : (x, y) ∈ R1}, then the graph Γ = (X,E) is a distance
regular graph.

(2) Let Γ = (X,E) be a distance regular graph, let us define Rx ⊂ X×X by Ri = {(x, y) : d(x, y) = i}.
Then X = (X, {Ri}0⩽i⩽d) is a P-polynomial association scheme.

Proof. It is clearly from the previous discussion.

Theorem 6.6

Let X = (X, {Ri}0⩽i⩽d) be a symmetric association scheme of class d, let B1 = (pkij)0⩽j⩽d,0⩽k⩽d and
let k = p011, then the following conditions are equivalent.

(1) X is a P-polynomial association scheme. (with respect to the ordering R0, R1, . . . , Rd).

(2) B∗
1 is the following tri-diagonal matrix

a0 c1 0 · · · · · · · · · · · · 0

b0 a1 c2
. . . . . . . . . . . . ...

0 b1 a2
. . . . . . . . . . . . ...

0
. . . b2

. . . ci
. . . . . . ...

... . . . . . . . . . ai
. . . . . . ...

... . . . . . . . . . bi
. . . cd−1 0

... . . . . . . . . . . . . . . . ad−1 cd
0 · · · · · · · · · · · · 0 bd−1 ad


where b∗i ̸= 0 (0 ⩽ i ⩽ d− 1), c∗i ̸= 0 (1 ⩽ i ⩽ d), b∗0 = q01,1 = m1 and c∗1 = 1.

(3) Let P be the character table of X, and let Qj = Pi(j) for j ∈ {0, 1, . . . , d}. Then for each i ∈
{0, . . . , d}, there exists a polynomial vi of degree i, such that Pi(j) = vi(Qj), for j ∈ {0, 1, . . . , d}.

Before proof this theorem, we give the following remark.
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Remark 6.7

All eigenvalues of Ai are determined by the eigenvalues of A1. Denote the eigenvalues of A1 by
θ0, θ1, . . . , θd.

Proof of Theorem 6.6. (1) ⇒ (2) It is clear that a0 = p010 = 0, b0 = p011 = k and c1 = p010 = 1. By the
assumption, there exists a polynomial vi(x) of degree i, such that Ai = vi(A1). Since x ·vi(x) is a polynomial
of degree i+ 1, it is a linear combination of v0(x), v1(x), . . . , vi+1(x), so

x · vj(x) =
i+1∑
ℓ=0

cℓvℓ(x).

In particular ci+1 ̸= 0 if i ⩽ d− 1. If we put A1 to x, then

i+1∑
ℓ=0

cℓAℓ = A1vi(A1)

= A1Ai =

d∑
ℓ=0

pℓ1iAℓ,

therefore pℓ1i = 0 if ℓ ⩾ i + 2. We also have pi+1
1i = ci+1 ̸= 0. Since X is symmetric kℓ · pℓ1i = ki · pi1ℓ, so

pi1ℓ = 0, for every ℓ ⩾ i+ 2, and pi1,i+1 ̸= 0.
(2) ⇒ (1) We have

• a0 = 0, ai = pi1i, (1 ⩽ i ⩽ d);

• bi = pi1,i+1, (0 ⩽ i ⩽ d− 1);

• ci = pi1,i−1, (1 ⩽ i ⩽ d);

• pj1i = 0, if |i− j| ⩾ 2.

Then
A1Ai = pi−1

1i Ai−1 + pi1iAi + pi+1
1i Ai+1 = bi−1Ai−1 + aiAi + ci+1Ai+1.

Define vi(x) by v0(x) = 1, v1(x) = x. By

xivi(x) = bi−1vi−1(x) + aivi(x) + ci+1vi+1(x),

we get Ai+1 = vi+1(A1).
(1) ⇔ (3) Let E0, E1, . . . , Ed be the primitive denpotents. And then

A1 =

d∑
j=0

p1(j)Ej =

d∑
j=0

QjEj .

For any polynomial

vi(x) =

i∑
ℓ=0

λℓx
ℓ,

we have

vi(A1) =

i∑
ℓ=0

λℓA
ℓ
1 =

i∑
ℓ=0

(

d∑
j=0

Qℓ
jEj) =

d∑
j=0

(

i∑
ℓ=0

λℓQ
ℓ
j)Ej =

d∑
j=0

vi(Qj)Ej .

Hence (1) and (3) are equivalent.
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Example 6.8

• Hamming association scheme H(d, q) is a P-polynomial association scheme with
ci = i;
bi = (d− i)(q − 1);
ai = i(q − 2).

• Johnson association scheme J(v, d) is a P-polynomial association scheme with
ci = i2;
bi = (d− i)(v − d− i);
ai = i(v − 2i).

Exercise 4

Calculate the ai’s, bi’s and ci’s of Hamming scheme and Johnson scheme.

Proposition 6.9

Let X be a P-polynomial association scheme, then θ0, θ1, . . . , θd of A1 are all distinct.

Proof. Suppose θj = θℓ with 0 ⩽ j < ℓ ⩽ d. Then by Theorem 6.6 (3), we have

Pi(j) = vi(Qj) = vi(Qe) = Pi(ℓ)

for every i ∈ {0, 1, . . . , d}. So the j-th row and the l-th row of P are identical. This contradicts the fact that
P is non-singular. (PQ = |X|I)

7 Q-Polynomial Association Scheme
Due to the algebraic structure of Hadamard product, we can introduce a similar construction of P-polynomial
association scheme, namely, Q-polynomial association scheme. The concept of Q-polynomial association
scheme is due to Delsarte (1973).

Definition 7.1: Q-polynomial association scheme

Let X = (X, {Ri}0⩽i⩽d) be a symmetric association scheme. X is called a Q-polynomial association
scheme, if the following conditions are satisfied:

For each i ⩾ 0, there exists a polynomial v∗i (x) of degree i, such that

|X|Ei = v∗i (|X|Ei),

where the multiplication is under Hadamard product.

Remark 7.2

There is no good combinatorial interpretation of the concept so far.
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Proposition 7.3

Let X = (X, {Ri}0⩽i⩽d) be a symmetric association scheme. Then the following are equivalent.

(1) X is a Q-polynomial association scheme with respect to some ordering E0, E1, . . . , Ed.

(2) B∗
1 is the following tri-diagonal matrix

a∗0 c∗1 0 · · · · · · · · · · · · 0

b∗0 a∗1 c∗2
. . . . . . . . . . . . ...

0 b∗1 a∗2
. . . . . . . . . . . . ...

0
. . . b∗2

. . . c∗i
. . . . . . ...

... . . . . . . . . . a∗i
. . . . . . ...

... . . . . . . . . . b∗i
. . . c∗d−1 0

... . . . . . . . . . . . . . . . a∗d−1 c∗d
0 · · · · · · · · · · · · 0 b∗d−1 a∗d


where b∗i ̸= 0 (0 ⩽ i ⩽ d− 1), c∗i ̸= 0 (1 ⩽ i ⩽ d), b∗0 = q01,1 = m1 and c∗1 = 1.

(3) Let θ∗j = Q1(j), 0 ⩽ j ⩽ d. For each i, there is a polynomial v∗i (x) of degree i such that
Qi(j) = v∗i (θ

∗
j ) for every j ∈ {0, . . . , d}.

The proof is very similar to the corresponding proposition for P-polynomial association scheme. We left the
proof to the reader.

Exercise 5

Prove Proposition 7.3.

Proposition 7.4

Let X be a Q-polynomial association scheme. Then the following two assertions hold.

(1) A∗
iA

∗
1 = c∗i+1A

∗
i+1 + a∗iA

∗
i + b∗i−1A

∗
i−1.

(2) θ∗0 , θ
∗
1 , . . . , θ

∗
d are distinct eigenvalues of A∗

1.

Exercise 6

Prove Proposition 7.4.

The polynomials that appear in P-polynomial assocation schemes or in Q-polynomial assocation schemes
are important. In fact, they are orthogonal polynomials on a real line with discrete weight. Recall that in
usual case, take a, b such that a < θi < b (0 ⩽ i ⩽ d) and define a weight function w(x) by

w(x) =

{
m1 if x = θi, 0 ⩽ i ⩽ d;

0 otherwise.

For real-valued functions fi(x) and fj(x) on [a, b], let

(f, g) =

∫ b

a

fi(x)fj(x)w(x) dx = δijαi > 0,

where δ is the Kronecker function.
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8 Computing the Character Table of Association Scheme
8.1 Association scheme of finite abelian group
Throughout the subsection, let G be a finite Abelian group, and X(G) be the group association scheme of
G. Since G is abelian, each conjugacy class of G consist one element. We write G additively, and 0 is the
identity element of G.

For each g ∈ G, define

Rg = {(x, y) ∈ G×G : x− y = g},

Ag(x, y) = δx−y,g =

{
1 if x− y = g;

0 otherwise,

then we have

(Ag, Ah)(x, y) =
∑
z∈G

Ag(x, z)Ah(z, y) =
∑
z∈G

δx−z,gδz−y,h

=

{
1 if x− y = g + h;

0 if x− y ̸= g + h.

So AgAh = AhAg = Ag+h.
Let P be the first eigenmatrix of X(G) and let Ex (x ∈ G) be the primitive idempotents of X(G). Then

Ax =
∑
g∈G

Px(g)Eg,

and ∑
g∈G

Px+y(g)Eg = Ax+y = AxAy

=

∑
g∈G

Px(g)Eg

(∑
h∈G

Py(h)Eh

)

=
∑
g∈G

Px(g)Py(g)Eg.

Therefore, for each g, x, y ∈ G, we get Px+y(g) = Px(g)Py(g).
We define Ψg(x) = Px(g). Then Ψg ∈ Ĝ, where Ĝ is the irreducible representation characters. In other

words, for all x, y ∈ G, we have Ψg(x + y) = Ψg(x)Ψg(y). So {Ψg : g ∈ G} = Ĝ. Therefore, P is the same
as the character table of G.

We can choose the ordering of the elements of G. So that P is a symmetric matrix. In fact, G is a direct
product of cyclic groups (By the structure theorem of finite abelian group). So we can just proof it for Z/mZ
cases. Let G = Z/mZ, denote ζ as a primitive with root of 1. Then

Ψy(x) = P2(y) = ζxy.

Then Ψg gives a linear character of G. Obviously, Px(y) = Py(x). Then we can come to the conclusion that
if G is an arbitrary abelian group, P is a symmetric matrix.

In the general case of commutative association scheme, if P is symmetric, then P = Q. In fact,

Pi(j)

kj
=
Qj(i)

mj
,

in the case of commutative association scheme, ki = mj = 1. For an abelian group G, X(G) is self-dual.
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8.2 The character table of Hamming association scheme
In this section we will discuss the character table of Hamming association scheme H(d, q), where H(d, q) is
a P-polynomial association scheme. We claim that for Hamming association scheme, H(d, q) is self-dual and
Q-polynomial as well.

We assume F has a structure of an abelian group. Let X be the d-times copy of F , namely

X = F × · · · × F︸ ︷︷ ︸
d times

,

and we write x = (x1, . . . , xd) ∈ X, y = (y1, . . . , yd) ∈ X. Define

ω(x) = |{i : 1 ⩽ i ⩽ d, xi ̸= 0}|,

then the Hamming distance can be defined as

d(x,y) = ω(x− y) = |{i : (x− y)i ̸= 0, i = 1, . . . , d}.

So Ri = {(x,y) : ω(x − y) = i}. Then we can define Xi = {x ∈ X : ω(x) = i}, where X1, . . . , Xd is a
partition of X.

Denote Fq as an abelian group of order q. Let F̂q be the character group of Fq

F̂q = {Ψx : x ∈ Fq}

with Ψx(y) = Ψy(x). X = (Fq)
d is also a finite abelian group. For x = (x1, . . . , xd) ∈ F d

q and y =

(y1, . . . , yd) ∈ F d
q ,

Ψx(y) =

d∏
i=1

Ψxi
(yi)

are linear characters of X. Moreover, X̂ = {Ψx : x = (x1, . . . , xd) ∈ F d
q }.

Proposition 8.1

Put D = {0, 1, . . . , d}. For j, k ∈ D, and u ∈ X, we have

Kk(j) :=
∑

x∈Xk

Ψu(x) =

k∑
i=0

(−1)i(q − 1)k−i

(
d− j

k − 1

)(
j

i

)
.

Remark 8.2

Kk(u) is a polynomial of degree k in u. By the generating function of Kk(u)

∞∑
k=0

Kk(u)z
k = (1 + (q − 1)z)d−u(1− z)u

= (1 + (q − 1)z)d
(

1− z

1 + (q − 1)z

)u

,

we have

Kk(u) =

k∑
i=0

(−1)i(q − 1)k−i

(
d− u

k − i

)(
u

i

)

=

k∑
i=0

(−q)i(q − 1)k−i

(
d− i

k − i

)(
u

i

)
.

Here Kk(u) is called the Krawtchouk polynomial.
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Proof of Proposition 8.1. Write D∗ = D\{0} = {1, 2, . . . , d}. XM ⊂ Xk, where

XM = {x ∈ Xk : xv ̸= 0, v ∈M}

Let M1,M2 ⊂ D∗, |M1| = |M2| = k and M1 ̸= M2. This implies XM1
∩XM2

= ∅. We have a partition of
Xk

Xk =
∪

M⊂D∗

|M |=k

XM ,

where x = (x1, · · · , xd) ∈ XM . For v /∈M , we have xv = 0, and for v ∈M , we have xv ̸= 0. So we have

∑
x∈XM

Ψu(x) =
∑

x∈XM

( ∏
v∈XM

Ψuv
(xv)

)
=
∏
v∈M

∑
xv∈F∗

q

Ψuv
(xv),

where u ∈ Xj , j, k ∈ D.
Since Ψuν

is a linear character of Fq. We get∑
xν∈Fq

Ψuν
(xν) = δuν ,0q,

where δ is the Kronecker function. So∑
xν∈F∗

q

Ψuν (xν) =

{
q − 1 if uν ̸= 0;

−1 if uν = 0.

Let i = |{ν ∈M : uν ̸= 0}|. Then we have∏
ν∈M

∑
xν∈F∗

q

Ψuν
(xν) = (−1)i(q − 1)k−i.

Since u ∈ Xj , for each i, 0 ⩽ i ⩽ d, there are
(
j
i

)(
d−j
k−1

)
number of M ⊂ D∗, such that i = |{ν ∈M : uν ̸= 0}|

and |M | = k. So we get

∑
x∈Xk

Ψu(x) =
∑

M⊂D∗

|M |=k

∑
x∈M

Ψu(x) =

d∑
i=0

(
j

i

)(
d− j

k − i

)
(−1)i(q − 1)k−1.

This completes the proof.

8.3 The character table of Johnson association scheme
We will give a quick introduction of Johnson association scheme. We just list the contents of several results.
The proof of theorems and propositions will be omitted.

Throughout the section, let X be a pair X = (V, d), where V is a set contains v elements, 0 < d ⩽ v/2.
Define Ri = {(x, y) ∈ X ×X : |x ∩ y| = d− i}. Denote D = {0, 1, . . . , d}.

Proposition 8.3

ki =

(
d

i

)(
v − d

i

)
.

Define Ci ∈ N(i ∈ D) as

Ci =

d∑
ℓ=i

(
ℓ

i

)
Ad−ℓ. (8)
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Proposition 8.4

(1) C0, C1, . . . , Cd is a basis of N.

(2) (x, y) ∈ Rd−k implies Ci(x, y) is the cardinality of the v-elements subset in x ∩ y;

(3) (
d− j

r − i

)(
j

i

)
=

r∑
ℓ=i

(−1)ℓ−i

(
ℓ

i

)(
d− ℓ

r − ℓ

)(
j

ℓ

)
;

(4)

CrCs =

min{r,s}∑
ℓ=0

(
d− ℓ

r − ℓ

)(
d− ℓ

s− ℓ

)(
v − r − s

v − d− ℓ

)
Cℓ;

(5) For r = 0, 1, . . . , d,

Cr =

r∑
j=0

(
d− i

r − i

)(
v − r − 1

d− r

)
Ei;

(6) mi = rank(Ei) = rank(Ci)− rank(Ci−1).

Theorem 8.5: Kantor [Kan72]

rank(Mi) = |V (i)| =
(
v

i

)
.

In [Got66], Gottlieb gives a certain class of incidence matrices. Set X = V (d). For (x, ξ) ∈ X × V (i),
define

Mi(x, ξ) =

{
1 ξ ⊂ x;

0 ξ ̸⊂ x.

Proposition 8.6

Ci =Mi
tMi, where 0 ⩽ i ⩽ d.

Proof. Since (x, y) ∈ Rd−ℓ implies Ci(x, y) =
(
ℓ
i

)
. We have x ∩ y| = ℓ and

∑
ξ∈V (i)

Mi(x, ξ)Mi(y, ξ) = |{ξ ∈ V (i) : ξ ⊂ x ∩ y}| =
(
ℓ

i

)
.

Proposition 8.7

mi = rank(Ei) =

(
v

i

)
−
(

v

i− 1

)
,

where 0 ⩽ i ⩽ d.
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Theorem 8.8

For Johnson association scheme J(v, d), we have

Pj(i) =

j∑
ℓ=0

(−1)j−ℓ

(
d− ℓ

d− j

)(
d− i

ℓ

)(
v − d+ ℓ− i

ℓ

)
and

Qj(i) = mjk
−1
i Pi(j).

9 Spherical Embedding of an Association Scheme
Let X = (X, {Ri}0⩽i⩽d) be a symmetric association scheme. Let P , Q, Ei (i = 1, 2, · · · , d) be all real
matrices. Write |X| = n, and V = R|X| = Rn. Use ⟨ , ⟩ to denote the usual (Euclidean) inner product on
V . We write E = E1 and θ∗i = Q1(i).

Definition 9.1: Spherical embedding of X

The correspondence

X −→ V

x 7−→ ϕ(x) =
√
nEx

is called the spherical embedding of X. The matrix P is called the spherical representation of X.

We have the following Lemma.

Lemma 9.2

(1) For (x, y) ∈ Ri, we have ⟨ρ(x), ρ(y)⟩ = θ∗i . Here θ∗i = Q1(i).

(2) There exists an α ∈ R, such that ∑
y∈Γi(x)

ρ(y) = αρ(x),

where Γi(x) = {y ∈ X : (x, y) ∈ Ri}.

Proof. (1) Fix i, (x, y) ∈ Ri. By definition, we have

⟨ρ(x), ρ(y)⟩ = n⟨Ex,Ey⟩ = n xt E1E1y = n xt E1y

= xt

(
d∑

i=1

Q1(i)Ai

)
y = Q1(i).

(2) By definition, we have ∑
y∈Γi(x)

ρ(y) =
√
nE1

∑
y∈Γi(x)

y =
√
nE1Aix

=
√
nPi(1)E1x = Pi(1)ρ(x).

So α = Pi(1).

Note that the set {ρ(x) : x ∈ X} is a subset of E1V = V1 ⊂ R|X|, where V1 is a subspace of V of dimension
m1. Since ⟨ρ(x), ρ(x)⟩ = θ∗0 = Q1(0) = m1, {ρ(x) : x ∈ X} is the sphere of radius √

m1 in V1, this is why we
call ρ a spherical representation.
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Definition 9.3

The spherical representation ρ = ρE is called non-degenerate, if θ∗i = θ∗0(= m1), (i = 1, 2, . . . , d).

We have already shown that |θ∗1 | = θ∗0 . By Definition 9.3, we can see that ρ is non-degenerate if and only
if ρ is injective.

Remark 9.4

If X is a Q-polynomial association scheme, then ρ = ρE is non-degenerate. Because we have shown that
θ∗0 , θ

∗
1 , · · · , θ∗d are distinct for Q-polynomial association scheme.

In what follows, we assume that ρ = ρE is non-degenerate.

Definition 9.5

Let x, y ∈ X and i, j ∈ {0, 1, . . . , d} be arbitrarily fixed. Then we say ρ = ρE is balanced, if there
exists an α ∈ R, such that ∑

z∈Γi(x)∩Γj(y)

ρ(z)−
∑

z∈Γj(x)∩Γi(y)

ρ(z) = α(ρ(x)− ρ(y)). (9)

For (x, y) ∈ Rk, we have α = γkij , where

γkij := pkij
θ∗i − θ∗j
θ∗0 − θ∗k

.

If Eq. (9) holds for fixed i and j, then ρ is called {i, j}-balanced.

Proof. Calculate the inner product of ρ(x) and the left hand side of Eq. (9). Then we have

pkijθ
∗
i − pkjkθ

∗
j = pkij(θ

∗
i − θ∗j ).

Calculate the inner product of ρ(x) and the right hand side of Eq. (9). Then we have

α(θ∗0 − θ∗k).

Proposition 9.6

Let ∆E be the representation graph for E = E1. Then the following two conditions are equivalent.

(1) ρ = ρE is non-degenerate;

(2) ∆ = ∆E is a connected graph.

Proof. We have already shown that ∆ is connected if and only if the dimension of eigenspace for eigenvalue
Q1(0) is 1 in B∗

1 , if and only if Q1(j) ̸= Q1(0) for all j ̸= 0.

Now we show another proof of (1) ⇒ (2) in Proposition 9.6.

Another proof of (1) ⇒ (2) in Proposition 9.6. Let ∆′ be a connected component of ∆, E∆′ =
∑

i∈∆′ Ei,
A∗ = A∗

1, x0 ∈ X is fixed, and N∗ = N∗(x0). First we show

EiA
∗ = E∆′A∗E∆′ = A∗E∆′ . (10)
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Note that EiA
∗Ej = 0 if and only if qj1i ̸= 0. Then

E∆′A∗I =

(∑
i∈∆′

Ei

)
A∗

 d∑
j=0

Ej

 =
∑
i∈∆′

0⩽j⩽d

EiA
∗Ej

=
∑

i,j∈∆′

EiA
∗Ej = E∆′A∗E∆′ .

Similarly, we have IA∗E∆′ = E∆′A∗E∆′ . So Eq. (10) holds.
Set E∆′ =

∑d
i=0 αiAi. Then

0 = E∆′A∗ −A∗E∆ =

d∑
i=1

αi(AiA
∗ −A∗Ai).

while

(AiA
∗ −A∗Ai)(x, y) = Ai(x0, y)A

∗(y, y)−A∗(x0, x0)Ai(x0, y)

=

{
θ∗i − θ∗0 , if (x, y) ∈ Ri,

0, if (x, y) /∈ Ri.

Since ρ is non-degenerate, θ∗i ̸= θ∗0 . For any i ̸= 0, we have α1 = α2 = · · · = αd = 0. So E∆′ = α0I. Since
E∆′ is an idempotent, then α2

0 = α0. So α0 = 0 or 1. We notice that α0 = 0 implies ∆′ = ∅, and α0 = 1
implies ∆′ = {0, 1, . . . , d}. Therefore ∆ is connected.

Theorem 9.7

Let X be a symmetric association scheme, E be a primitive idempotent, ρ = ρE and ∆ = ∆E . The
following are equivalent.

(1) ρ = ρE is balanced;

(2) ∆ = ∆E is a tree.

We see a corollary first, which can be verified immediately from Theorem 9.7.

Corollary 9.8

Let X be a Q-polynomial association scheme with respect to (E1, . . . , Ed). Then ρ = ρE is balanced.

Proof. The assumption of X is a Q-polynomial association scheme implies ∆E = ∆E1 is a path, which implies
∆E is a tree by Theorem 9.7. Then ρ = ρE is balanced.

Proof of Theorem 9.7. Recall that A∗ is the diagonal matrix.

A∗(x, x) =

{
Q1(i), if (x0, x) ∈ Ri,

0, otherwise.

Let L = L(x0) = span{MA∗N −NA∗M :M,N ∈ N}. We need the following lemma.

Lemma 9.9

Let N∗ = N∗(x0) be the dual Bose-Mesner algebra, A∗ = A∗
1 ∈ N∗.

(1) {EiA
∗Ej − EjA

∗Ei : 0 ⩽ i, j ⩽ d, i ̸= j, qj1i ̸= 0} is a basis of L.

(2) The subset {A∗Ak − AkA
∗ : 1 ⩽ k ⩽ d} of L is linearly independent. Moreover, EiA

∗Ej = 0 if
and only if qj1i ̸= 0.
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Proof of Lemma 9.9. (1) Note that M =
∑d

i=0 αiEi and N =
∑d

j=0 βjEj . By Corollary 4.6 (2)

EiA
∗Ej = 0 ⇔ qj1i = 0,

so
MA∗N −NA∗M =

∑
i,j

qj1i ̸=0

αiβj(EiA
∗Ej − EjA

∗Ei).

So
L = span{EiA

∗Ej − EjA
∗Ei : 0 ⩽ i, j ⩽ d, i ̸= j, qj1i ̸= 0}.

Suppose ∑
i,j,i̸=j

qj1i ̸=0

αij(EiA
∗Ej − EjA

∗Ei) = 0.

Multiply Ei from the left and multiply Ej from the right, then qj1i ̸= 0 ⇔ EiA
∗Ej ̸= 0, we have αij = 0.

(2) As we have shown in another proof of Proposition 9.6, we have

(A∗Ak −AkA
∗)(x, y) =

{
θ∗0 − θ∗k, if (x0, y) ∈ Rk,

0, if (x0, y) /∈ Rk.

Suppose
∑d

k=1 αk(A
∗Ak − AkA

∗) = 0, then calculate (x0, y)-entry (with (x0, y) ∈ Rk), we obtain
αk(θ

k
0 − θ∗k) = 0. Since ρ is non-degenerate and θ∗0 ̸= θ∗k, so αk = 0.

Corollary 9.10

(1) dimL is just the number of edges in the graph ∆ = ∆E .

(2) d ⩽ dimL and d = dimL if and only if ∆E is a tree.

Proof of Corollary 9.10. The proof of (1) is from Lemma 9.9.
Lemma 9.9 (2) shows that d ⩽ dimL. Since ρ is non-degenerate, ∆ is connected. So dimL = d if and

only if ∆ is a tree. Hence (2).

Now we return to the proof of Theorem 9.7. By the discussion above, we know that ∆ is a tree if and
only if

d = dimL,
if and only if

L = span{A∗Ak −AkA
∗ : 1 ⩽ k ⩽ d},

if and only if for all i, j ∈ {0, 1 · · · , d}, there exist γkij , such that

AiA
∗Aj −AjA

∗Ai =

d∑
k=1

γkij(A
∗Ak −AkA

∗). (11)

Suppose Eq. (11) holds, then

γkij = pkij
θ∗i − θ∗j
θ∗0 − θ∗k

since (x0, y) ∈ Rk implies for the (x0, y)-entry of Eq. (11), the right hand side is
γkij(θ

∗
0 − θ∗k),

and the left hand side is∑
z∈X

Ai(x0, z)A
∗(z, z)Aj(z, y)−

∑
z∈X

Aj(x0, z)A
∗(z, z)Ai(z, y) = pkij(θ

∗
i − θ∗j ).

Hence we prove the first part of Theorem 9.7.Before we prove the second part, we need another lemma.
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Lemma 9.11

Let ρ = ρE , A∗ = A∗
1(x0) ∈ N∗(x0). Then

(1) A∗(z, z) = ⟨ρ(x0), ρ(z)⟩.

(2) (A∗Ak −AkA
∗)(x, y) =

{
⟨ρ(x0), ρ(x)− ρ(y)⟩, if (x, y) ∈ Rk,

0, if (x, y) /∈ Rk.

Proof. (1) Since (x0, z) ∈ Rk implies A∗(z, z) = Q1(k) = θ∗k, we obtain A∗(z, z) − ⟨ρ(x0), ρ(z)⟩ by
Lemma 9.2.

(2) As we have shown in another proof of Proposition 9.6, we have

(A∗Ak −AkA
∗)(x, y) = A∗(x, x)Ak(x, y)−Ak(x, y)A

∗(y, y)

=

{
A∗(x, x)−A∗(y, y) if (x, y) ∈ Rk;

0, if (x, y) /∈ Rk.

Now we return to the proof of the second part of Theorem 9.7.
The left hand side of Eq. (11) is given by

(AiA
∗Aj −AjA

∗Ai)(x, y) =
∑
z∈X

Ai(x, z)A
∗(z, z)Aj(z, y)−

∑
z∈X

Aj(x, z)A
∗(z, z)Ai(z, y)

=
∑

z∈Γi(x)∩Γj(y)

A∗(z, z)−
∑

z∈Γj(x)∩Γi(y)

A∗(z, z)

=

⟨
ρ(x0),

∑
z∈Γi(x)∩Γj(y)

ρ(z)−
∑

z∈Γj(x)∩Γi(y)

ρ(z)

⟩
.

For (x, y) ∈ Rk, the (x, y)-entry of right hand side of Eq. (11) is γkij⟨ρ(x0), ρ(x)− ρ(y)⟩. So Eq. (11) holds if
and only if ∆ is a tree, if and only if the balanced condition∑

z∈Γi(x)∩Γj(y)

ρ(z)−
∑

z∈Γj(x)∩Γi(y)

ρ(z) = α(ρ(x)− ρ(y))

holds.

Theorem 9.12

Let X = (X, {Ri}0⩽i⩽d) be a P-polynomial association scheme. Let ρ = ρE be the spherical repre-
sentation of X with respect to E = E1. Let ρ be non-degenerate and {1, 2}-balance. Then X is a
Q-polynomial association scheme with respect to E1.

Proof. This proof can be divided into four steps (I) to (IV).

(I) Let (x, y) ∈ Rk, then the balanced condition holds.

(II) For A∗ = A∗
1(x0), then

A1A
∗A2 −A2A

∗A1 =

d∑
k=1

γk1,2(A
∗Ak −AkA

∗) (12)

(III) Let A = A1, there exists β, γ, δ ∈ R such that

A3A∗ −A∗A3 − (β + 1)(A2A∗A−AA∗A2)− γ(A2A∗ −A∗A2)− δ(AA∗ −A∗A) = 0 (13)
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(IV) ∆ is a path (i.e., X is a Q-polynomial association scheme with respect to E).

Proof of Step (I). ∑
z∈Γ1(x)

∩
Γ2(y)

ρ(z)−
∑

z∈Γ2(x)
∩

Γ1(y)

ρ(z) = α(ρ(x)− ρ(y)),

with α = γk1,2 = pk1,2
θ∗
1−θ∗

2

θ∗
0−θ∗

k
.

Proof of Step (II). Let (x, y) ∈ Rk. Consider the entries of both sides of Eq. (12). From left side, we have

(A1A
∗A2 −A2A

∗A1)(x, y)

=
∑
z∈X

A1(x, z)A
∗
1(z, z)A2(z, y)−

∑
z∈X

A2(x, z)A
∗
1(z, z)A1(z, y)

=
∑

z∈Γ1(x)
∩

Γ2(y)

⟨ρ(x0), ρ(z)⟩ −
∑

z∈Γ2(x)
∩

Γ1(y)

⟨ρ(x0), ρ(z)⟩

= ⟨ρ(x0), α(ρ(x)− ρ(y))⟩

while,

d∑
l=1

γl1,2(A
∗Al −AlA

∗)(x, y)

=γk1,2(A
∗(x, x)−A∗(y, y))

=γk1,2⟨ρ(x0), ρ(x)− ρ(y)⟩.

Hence Step (II) holds.

Proof of Step (III). Since X is a P-polynomial association scheme pk1,2 = 0 for k ∈ {4, 5, . . . , d}, so γk1,2 = 0.
Then, by Eq. (12) we have

A1A
∗A2 −A2A

∗A1

=γ31,2(A
∗A3 −A3A

∗) + γ21,2(A
∗A2 −A2A

∗) + γ11,2(A
∗A1 −A1A

∗).

In the case that γ31,2 ̸= 0. Since X is P-polynomial association scheme, there exists a polynomial
vi(x)satisfied that

Ai = vi(A1) = vi(A).

Suppose that
v3(x) = a3x

3 + a2x
2 + a1x+ a0

with a3 ̸= 0. Then

A∗A3 −A3A
∗ = A∗v3(A)− v3(A)A

∗

= A∗(a3A
3 + a2A

2 + a1A+ a0I)− (a3A
3 + a2A

2 + a1A+ a0I)A
∗

= a3(A
∗A3 −A3A∗) + a2(A

∗A2 −A2A∗) + a1(A
∗A−AA∗)

(14)

So by Eqs. (13) and (14), A3A∗−A∗A3 is a linear combination of A2A∗A−AA∗A2, A2A∗−A∗A2, AA∗−A∗A.
In the case that γ31,2 = 0. We obtain that γ31,2 = 0, ρ31,2 ̸= 0 since X is P-polynomial association scheme. It

implies that θ∗1 = θ∗2 , then γk1,2 = 0 for k = 1, 2, . . . , d, by Step (I). And by Step (II), A1A
∗A2−A2A

∗A1 = 0.
Mulitiply Ei from the left and Ej from the right, we have

0 = Ei(A1A
∗A2 −A2A

∗A1)Ej

= (P1(i)P2(j)− P2(i)P1(j))EiA
∗Ej .
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Let θk = P1(k), then P2(k) = v2(θk), so (θiv2(θj)−v2(θi)θj)EiA
∗Ej = 0. Consider i, j(i ̸= j) such that qj1,i ̸=

0, this implies EiA
∗Ej ̸= 0. Since v2(x) = 1

c2
(x2−a1x−k), we get θiv2(θj)−v2(θi)θj = 1

c2
(θj−θi)(θiθj+k).

Since θ0, θ1, . . . , θd are distinct real numbers, for i, j(i ̸= j) such that qj1,i ̸= 0, we get θiθj = −k ̸= 0.
Since ρ is non-degenerate and qj1,i ̸= 0 and i, j are connected by an edge in ∆, then there exists j′ ∈

{0, . . . , d} such that qj
′

1,i ̸= 0. So θiθj = θiθj′ = −k ̸= 0, it implies θj = θj′ which is impossible.

Proof of Step (IV). Since ρ is non-degenerate and ∆ is connected, we want to show that each degree of ∆ is
at most 2. Choose a vertex i of ∆ such that qj1,i ̸= 0, then EiA

∗Ej ̸= 0. By Eq. (13), multiply Ei from the
left and Ej from the right, then we have:

0 = Ei(A
3A∗ −A∗A3 − (β + 1)(A2A∗A−AA∗A2)− γ(A2A∗ −A∗A2)− δ(AA∗ −A∗A))Ej

= (θ3i − θ3j − (β + 1)(θ2i θj − θiθ
2
j )− γ(θ2i − θ2j )− δ(θi − θj))EiA

∗Ej

= (θi − θj)(θ
2
i − βθiθj + θ2j − γ(θi + θj)− δ)EiA

∗Ej

So if we fix θi then θj is a root of a quadratic equation (they are all distinct), so there are at most 2 verties
adjacent to i.

Question 9.1

Under what condition, Q-polynomial condition implies P-polynomial condition?

10 Some Open Problems
10.1 Dual balanced condition

Question 10.1

We know that balanced condition is equivalent to ∆E is a tree. Does it have a dual balanced condition
to show the equivalence of ∆A is a tree?

10.2 Classification of P-polynomial commutative association scheme with va-
lency k1 = 3

See

• Biggs - Boshier - Shawe - Taylor. [BBST86] Cubic (k1 = 3) distance regular graphs.

• Bannai - Ito. [BI87a, BI88, BI87b, BI89] Distance-regular graph with fixed valency I-IV.

10.3 Bannai-Ito conjucture

Conjecture 10.2: Bannai-Ito Conjucture

For each fixed k ⩾ 3, there are only finitely many P-polynomial association scheme.

• Bang-Dubickas-Koolen-Moulton [BKP15] pointed that there are only finitely many distance-regular
graphs of fixed valency greater than two.

• Yamazaki [Yam98] completes the case on symmetric association scheme with k1 = 3 (primitive or with
some weaker condition but with some conditions).
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• Bannai-Bannai [BB06] complete the case on primitive symmetric associations with m1 = 3.
We want to drop this condition to m1 = 4, or Q-polynomial association scheme cases.

• Martin-Williford [MMW07] show that there are finitely many Q-polynomial association schemes with
given multiplicity at least 3 (m1 ⩾ 3).

10.4 Remaining problems

Problem 10.3

• Try to classify Q-polynomial association scheme with m1 = 3.

• Try to classify symmetric association scheme with m1 = 3 with balanced condition. (Question:
Are there only finitely many?)

• Try to classify symmetric association scheme with m1 = 3. On the other word, ρE is non-
degenerate.

van Dam-Koolen-Park completes the case of partially metric association scheme with a multiplicity three.
Can we study the problem in this paper by [BB06]’s paper?

11 Linear programming (after Delsarte)
11.1 Linear programming method
We let (X, {Ri}0⩽i⩽d) be a symmetric association D = {0, 1, . . . , d}, D∗ = D \ {0}, M ⊂ D, 0 ∈ M and
M∗ = M \ {0}. Let C be a (d + 1) × (d + 1) matrix whose rows and columns are parametrized by D,
C = (Cj(i))0≤i,j≤d with C0(i) = 1. We consider the following two problems.

Problem: (C,M)

Under

Condition 1

∑
i∈M

aiCj(i) ≥ 0, j ∈ D∗;

ai ≥ 0, i ∈M∗;

makes
g =

∑
i∈M

aiC0(i) =
∑
i∈M

ai

maximum.

54



Problem: (C,M)′

Under

Condition 2

∑
j∈D

αjCj(i) ≤ 0, i ∈M∗;

αj ≥ 0, j ∈ D∗;

makes
γ =

∑
j∈D

αjCj(0)

minimum.

Definition 11.1

• |M | = m + 1, a vector a = (a0, a1, . . . , am) ∈ Rm+1 is indexed by M . If a satisfies a0 = 1 and
Condition 1, then a is called a program of (C,M).
If a gives the max value of g, it is called the max program.

• α = (α0, . . . , αd) ∈ Rd+1 is indexed by D. If α satisfies α0 = 1 and Condition 2, then α is called
a program of (C,M)′.
If α gives the min value of γ, it is called the min program.

• (C,M) is called feasible if there is a program a of (C,M).

• (C,M)′ is called feasible if there is a program α of (C,M)′.

Proposition 11.2

Let a and α be programs of (C,M) and (C,M)′ respectively, then g ≤ γ.

Proof. By Condition 1,
a0Cj(0) +

∑
i∈M∗

aiCj(i) ≥ 0.

So, ∑
i∈M∗

aiCj(i) ≥ −a0Cj(0) = −Cj(0), j ∈ D∗.

So, ∑
j∈D∗

αj(
∑
i∈M∗

aiCj(i)) ≥ −
∑
j∈D∗

αjCj(0) = 1−
∑
j∈D

αjCj(0) = 1− γ. (15)

While, by Condition 2 ∑
j∈D∗

αjCj(i) ≤ −α0C0(i) = −1, i ∈M∗.

So, ∑
i∈M∗

ai(
∑
j∈D∗

αjCj(i)) ≤ −
∑
i∈M∗

ai = 1− g. (16)

By Eqs. (15) and (16), 1− γ ≤ 1− g and thus g ≤ γ.
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Theorem 11.3

Let Problem (C,M) and Problem (C,M)′ be feasible. Then there are a maximum program and a
minimum program with max g = g0 and min γ = γ0 and g0 = γ0.

Before proving the theorem, we need to do some preparations.

Definition 11.4

Ω ∈ Rn is called a closed convex cone if the following are satisfied:

(1) For every x, y ∈ Ω and 0 ≤ λ ≤ 1, we have λx+ (1− λ)y ∈ Ω;

(2) For every x ∈ Ω and α ≥ 0, we have αx ∈ Ω.

Let Ω be a closed convex cone, define

Ω∗ = {u ∈ Rn : u · x ≥ 0, for all x ∈ Ω}.

Then Ω∗ is also a closed convex cone and it is known that (Ω∗)∗ = Ω.
For a vector x = (x1, . . . , xn) ∈ Rn, we say x ≥ 0 if xi ≥ 0, 1 ≤ i ≤ n.

Theorem 11.5

Let A be a m × n matrix, c ∈ Rn. Suppose c · u ≥ 0 for each u ∈ Rn with Au ≥ 0, then there exists
x ∈ Rm, x ≥ 0 such that c = At x.

Lemma 11.6

Let a be the max program of Problem (C,M). Let α be the min program of Problem (C,M)′. Then

αj

(∑
i∈M

aicj(i)

)
= 0 for j ∈ D∗, (17)

and

ai

∑
j∈M

αjcj(i)

 = 0 for i ∈M∗. (18)

Conversely, if Eqs. (17) and (18) hold for a and α, respectively, then a is the max program of (C,M)
and α is the min program of (C,M)′.

Proof. Let g0 be the max program of g. Let γ0 be the min program of γ. So,

g0 = γ0 =
∑
i∈M

ai =
∑
j∈D

αjCj(0).
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Since ai ≥ 0 (by Condition 2),

0 ≥
∑
i∈M∗

ai

∑
j∈D

αjcj(i)


=
∑
j∈D

∑
i∈M∗

aiCj(i)

=
∑
j∈D

αj

(∑
i∈M

aiCj(i)− a0Cj(0)

)
=
∑
j∈D∗

αj

∑
i∈M

aiCj(i) +
∑
i∈M

α0aiC0(i)−
∑
j∈D

αja0Cj(0)

=
∑
j∈D∗

αj

∑
i∈M

aiCj(i) + g0 − γ0 =
∑
j∈D∗

αj

∑
i∈M

aiCj(i) ≥ 0.

So ∑
i∈M∗

ai
∑
j∈D

αjCj(i) =
∑
j∈D∗

αj

∑
i∈M

aiCj(i) = 0.

For i ∈M∗, ai ≥ 0, we have ∑
j∈D

αjCj(i) ≤ 0.

For j ∈ D∗, αi ≤ 0, we have ∑
i∈M

aiCj(i) ≥ 0.

Hence Eqs. (17) and (18) hold.
Conversely, if these two relation hold then a is the max program of (C,M) and α is the min program of

(C,M)′.

12 Subsets of an Association Scheme
12.1 Subsets of an association scheme

Definition 12.1

Let X = (X, {Ri}0⩽i⩽d) be a symmetric association scheme, D = {0, 1, . . . , d} be the index set, Pand
Q be the first and second eigenmatrices of X. For a subset Y ⊂ X, define aY = (a0, a1, . . . , ad) ∈ Rd+1,

ai =
1

|Y |
|Ri ∩ (Y × Y )|, for all i ∈ D.

Here aY is called the inner distribution of Y , and a∗
Y = aYQ = (a∗0, a

∗
1, . . . , a

∗
d) is called the dual

distribution of Y . BY is a matrix defined by X ×D, its entries are defined by

BY (x, i) = |Ri ∩ ({x} × Y )| = |Y ∩ Γi(x)|.

BY is called the outer distribution of Y . Define ψY as the characteristic vector of Y ,

ψY (x) =

{
1 if x ∈ Y ;

0 if x /∈ Y.
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Sometimes we write Ψ{x} = Ψx. For a vector u = (u1, . . . , ur) ∈ Rr, we define a diagonal matrix,

∆u :=

u1 . . .
ur


Proposition 12.2

Y ⊂ X, aY = (a0, a1, . . . , ad), then

(1) a0 = 1;

(2) a∗0 =
∑d

i=0 ai = |Y |.

Proof. It is clear by the definition.

Proposition 12.3

(1) a1 = 1
|Y | ψY

t AiψY ;

(2) BY = [A0ψY , A1ψY , . . . , AdψY ];

(3) aY = 1
|Y | ψY

t BY .

Proof. (1)
1

|Y |
ψY
t AiψY =

1

|Y |
∑

(x,y)∈Y×Y

Ai(x, y) = ai

(2) For (x, i) ∈ X ×D,

(AiψY )(x) =
∑
z∈Y

Ai(x, z)ψY (z) = |Y ∩ Γi(x)| = BY (x, i)

So AiψY is the i-th column of BY .

(3)

1

|Y |
ψY
t BY

=[
1

|Y |
ψY
t A0ψY ,

1

|Y |
ψY
t A1ψY , . . . ,

1

|Y |
ψY
t AdψY ]

=(a0, a1, . . . , ad) = aY .

Theorem 12.4

BY
t BY =

|Y |
|X|

Pt ∆a∗
Y
P.

Proof. By Proposition 12.3 (2),

( BY
t BY )(i, j) = (AiψY )

t · (AjψY ) = ψY
t AiAjψY

=

d∑
k=0

pki,j ψY
t AkψY = |Y |

d∑
k=0

pki,jak.
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Since aY = 1
|X|a

∗
Y P , ak = 1

|X|
∑d

ℓ=0 a
∗
ℓPk(ℓ),

( BY
t BY )(i, j) =

|Y |
|X|

d∑
k=0

pki,j

d∑
ℓ=0

a∗ℓPk(ℓ) =
|Y |
|X|

d∑
ℓ=0

a∗ℓ

d∑
k=0

pki,jPk(ℓ).

So

( BY
t BY )(i, j) =

|Y |
|X|

d∑
ℓ=0

a∗l Pi(ℓ)Pj(ℓ) =
|Y |
|X|

( Pt ∆a∗
Y
P )(i, j).

Corollary 12.5

Rank of BY = |{i : a∗i ̸= 0}|.

Theorem 12.6

Let Y ⊂ X, and then a∗k ≥ 0 for every k ∈ D. The following 3 conditions are equivalent.

(1) a∗k = 0;

(2) BYQk = 0;

(3) EkψY = 0.

Proof. (1) ⇔ (2) By Theorem 12.4,

( Qt BY
t )BYQ =

|Y |
|X|

Qt ( Pt ∆a∗
Y
P )Q = |X| · |Y |∆a∗

Y
.

Compare the diagonal entry of both sides,∑
x∈X

((BYQ)(x, k))
2
= |X||Y |a∗k, k = 0, 1, . . . , d.

Hence (BYQ)(x, k) = 0, for all x ∈ X and then a∗k = 0. Moreover a∗k = 0 if and only if (BYQ)(x, k) = 0, for
all x ∈ X.

(1) ⇔ (3) By Proposition 12.3 (1), ai = 1
|Y | ψY

t AiψY . Then we have

a∗k =
∑
i=0

daiQk(i) =
∑
i=0

d
1

|Y |
ψY
t AiψYQki

=
|X|
|Y |

ψY
t EkψY =

|X|
|Y |

ψY
t EkEkψY

=
|X|
|Y |

(EkψY )
t

(EkψY ).
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Definition 12.7

Let aY = (a0, a1, . . . , ad) be the inner distribution of Y and a∗
Y = (a∗0, a1, . . . , a

∗
d) be the dual inner

distribution of Y . Then,

(1) δ = min{i : ai ̸= 0, i ≥ 1}, δ∗ = min{i : a∗i ̸= 0, i ≥ 1} are called minimum distance and dual
minimum distance of Y respectively;

(2) s = |{i : ai ̸= 0, i ≥ 1}|, s∗ = {i : a∗i ̸= 0, i ≥ 1} are defined as the degree and dual degree of
Y ;

(3) t = max{i : a∗1 = a∗2 = · · · = a∗i = 0, i ≥ 1} = δ∗ − 1 is called strength of Y .

We introduce some notations. For any u = (u0, u1, . . . , ud) ∈ Rd+1, we can also define t(u) = max{i : u1 =
u2 = · · · = ui = 0} and s(u) = |{i : ui ̸= 0, 1 ≤ i ≤ d}|.

Theorem 12.8: Mac Williams inequality

u = (u0, u1, . . . , ud) ∈ Rd+1, u0 ̸= 0

(1) Let X be a P-polynomial association scheme then s(u ·Q) ≥ [ t(u)
2 ];

(2) Let X be a Q-polynomial association scheme then s(u · P ) ≥ [ t(u)
2 ].

Remark 12.9

Proof of (2) is very similar to that of (1). So, we just discuss proof of (1).

Corollary 12.10

Let X be a Q-polynomial association scheme. If Y ⊂ X, then s ≥
[
t
2

]
.

ceiling?

Proof. Set u = a∗
Y = aYQ, u0 = a∗0 > 0. So s = s(aY ) = s(uP ) ≥

[
t(u)
2

]
=
[
t(a∗

Y )
2

]
=
[
t
2

]
.

Now we turn to the proof of Mac Williams inequality.

Proof of Theorem 12.8. Write θi = P1(i), 0 ≤ i ≤ d. By the property of P-polynomial scheme, there exists
polynomials: vk(z) of degree k such that Pk(i) = vk(θi).

By the definition, we have
u1 = u2 = · · · = ut(u) = 0.

We want to get a contradiction, assuming

s(uQ) <

[
t(u)

2

]
.

Let s = s(uQ) and {ν1, ν2, . . . , νs} = {i : uQi ̸= 0, i ̸= 0}. Let h(z) be a polynomial of degree
[
t(u)
2

]
−s−1(≥

0) such that h(θi) ̸= 0 for i = 0, 1, . . . , d. Set

f(z) = h(z)

s∏
j=0

(z − θνj
)
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with θν0 = θ0. Then

f(θi)

{
= 0 for i ∈ {0, ν1, ν2, . . . , νs};
̸= 0 for i /∈ {0, ν1, ν2, . . . , νs}.

Since deg(f(z)2) = 2
[
t(u)
2

]
,

f(z)2 = b0v0(z) + b1v1(z) + · · ·+ b
2[

t(u)
2 ]
v
2[

t(u)
2 ]

(z).

For each i with 2
[
t(u)
2

]
+ 1 ≤ i ≤ d, define bi = 0 and set b = (b0, b1, . . . , bd). Since 2

[
t(u)
2

]
+ 1 =

t(u) or t(u) + 1, we obtain

uQ (b Pt )
t

= uQ Pt b = |X|
∑
i=0

duibi = |X|u0b0.

Since

(b Pt )(νj) =

d∑
k=0

bkPk(νj) =

d∑
k=0

bkvk(θνj ) = (f(θνj ))
2 = 0, 0 ≤ j ≤ s

So uQ (b Pt )
t

= 0. Since u0 ̸= 0, b0 = 0. Therefore
d∑

i=0

f(θi)
2Qi(0) =

d∑
i=0

d∑
j=0

bjPj(i)Qi(0) = |X|b0 = 0.

Since f(θi)2 > 0, for i /∈ {0, ν1, ν2, · · · , νs} and Qi(0) = mi > 0. This is impossible.

12.2 Codes in P-polynomial association schemes
Let (X, {Ri}0⩽i⩽d) be a P-polynomial association scheme w.r.t. the ordering A0, A1, . . . , Ad and k1 = θ0 >
θ1 > · · · > θd be the distinct eigenvalues of A1. We define ∂(x, y) = i if (x, y) ∈ Ri. Let δ be the minimum
distance of Y , namely, δ = min{∂(x, y)|x, y ∈ Y, x ̸= y} = t(aY ) + 1. So s∗ = s(a∗

Y ) ≥
[
δ−1
2

]
.

Definition 12.11: Perfect e-code

Let X = (X, {Ri}0⩽i⩽d) be a P-polynomial association scheme. A nonempty subset Y ⊂ X is called a
perfect e-code in X if X can be partitioned as the following disjoint union

X =
∪
y∈Y

{x ∈ X|∂(x, y) ≤ e}.

Since |{x ∈ X|∂(x, y) ≤ e}| =
∑e

i=0 ki, if Y is a perfect e-code, then |Y |(k0 + k1 + · · · + ke) = |X|. If
δ ≥ 2e+1, then for two distinct points y1, y2 ∈ Y , we have {x ∈ X|∂(x, y1) ≤ e}

∩
{x ∈ X|∂(x, y2) ≤ e} = ∅

which implies that |Y |(k0 + k1 + · · ·+ ke) ≤ |X|.

Theorem 12.12: Lloyd theorem

Let Y ⊂ X be a code in P-polynomial association scheme X = (X, {Ri}0⩽i⩽d) and δ be the minimum
diameter of Y . Set e =

[
δ−1
2

]
, then we have the following results.

(1) |Y |(k0 + k1 + · · ·+ ke) ≤ |X|.

(2) If “=” holds in (1), then s∗ = s(a∗
Y ) = e.

Moreover, the following polynomial

Ψe(z) = v0(z) + v1(z) + · · ·+ ve(z)

has e distinct zeros θk corresponding to a∗k ̸= 0, where vi(z) are the polynomials corresponding to the
P-polynomial association scheme so that Ai = vi(A1).
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Proof. (1) We have proved that M = {0, δ, δ + 1, . . . , d}. Consider the linear programming

0 ≤ aYQk =

d∑
i=0

aiQk(i) =
∑
i∈M

aiQk(i),

|Y | =
∑
i∈M

ai.

So aY is a program for (Q,M), since a0 = 1 and ai ⩾ 0 for i ∈M∗.
Let Ke := Ψe(θ0) =

e∑
j=0

Pj(θ0) =
e∑

j=0

kj and define α = (α0, α1, . . . , αd) ∈ Rd+1 by

αj =

(
Ψe(θj)

Ke

)2

.

Then α0 =
(

Ψe(θ0)
Ke

)2
= 1 and αj ⩾ 0 for j ∈ D∗. Note that

Qj(i) =
mjPi(j)

ki
=
mjvi(θj)

ki
.

So

(α Qt )(i) =

d∑
j=0

αjQj(i)

=

d∑
j=0

(
Ψe(θj)

Ke

)2
mjvi(θj)

ki

=
1

K2
eki

d∑
j=0

Ψe(θj)
2mjvi(θj). (19)

The polynomial Ψe(z)
2 is of degree 2e, then it has the following expansion.

Ψe(z)
2 =

2e∑
ν=0

cνvν(z).

Since e =
[
δ−1
2

]
, we have 2e = δ− 1 if δ is odd and 2e = δ− 2 if δ is even, namely, 2e < δ. Recall the second

orthogonal relation in Theorem 3.3:

δν,i|X|kν =

d∑
j=0

mjPi(j)Pν(j)

=

d∑
j=0

mjvi(θj)vν(θj).

So for any i ∈M∗, we have

(α Qt )(i) =
1

K2
eki

d∑
j=0

(
Ψe(θj)

Ke

)2

mjvi(θj)

=
1

K2
eki

d∑
j=0

mj

2e∑
ℓ=0

cℓvℓ(θj)vi(θj) = 0.
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Therefore α = (α0, α1, . . . , αd) is a program for Problem (Q,M)′. Next we want to show c0 = Ke.

d∑
ν=0

mν(Ψe(θν))
2 =

d∑
ν=0

mν

e∑
i=0

e∑
j=0

Pi(ν)Pj(ν) =

e∑
i=0

|X|ki = |X|Ke.

On the other hand,
d∑

ν=0

mν(Ψe(θν))
2 =

d∑
ν=0

Qν(0)

2e∑
i=0

ciPi(ν) = c0|X|.

Put i = 0 in Eq. (19).

γ =
∑
j∈D

αjQj(0) =
1

K2
ek0

d∑
j=0

Ψe(θj)
2mjv0(θj)

=
1

K2
e

d∑
j=0

2e∑
ν=0

cνvν(θj)mjv0(θj)

=
1

K2
e

2e∑
ν=0

cν

d∑
j=0

mjPν(j)P0(j) =
1

K2
e

c0|X|. (20)

This implies that γ = |X|
Ke
. Hence

|Y | =
d∑

i=0

ai =
∑
i∈M

ai = g ⩽ γ =
|X|
Ke

.

This complete the proof of the first statement.

(2) If “=” holds in (1), then a is the max. program for (Q,M) and α is the min. program for (Q,M)′.
Using Eq. (17), we have

αj(

d∑
i=0

aiQj(i)) = αja
∗
j = 0 for j ∈ D∗.

So for each j ∈ D∗ with a∗j ̸= 0, we get αj = 0, i.e., Ψe(θj) = 0. Note that Ψe(z) is a polynomial of degree
e and θ0, θ1, . . . , θd are distinct real numbers. So s∗ = s(a∗

Y ) ⩽ e. While by MacWilliam’s inequality,

s∗ = s(aYQ) ⩾
[
t(aY )

2

]
=

[
δ − 1

2

]
= e.

12.3 Designs in Q-polynomial association schemes
Let X = (X, {Ri}0⩽i⩽d) be a Q-polynomial association scheme and Y be a non-empty subset of X. Please
recall that aY = (a0, a1, . . . , ad) and a∗

Y = aYQ = (a∗0, a
∗
1, . . . , a

∗
d) are respectively the inner distribution

and the dual distribution of Y . We shall first discuss the origin of concept of t-designs. Let C ⊆ Fn
q be a

linear code and its dual code is given by

C⊥ = {y ∈ Fn
q : x · y = 0, x ∈ C}.

Define the weight enumerator of C as follows.

WC(x, y) =
∑
c∈C

xn−w(c)yw(c) =

n∑
i=0

aix
n−iyi ∈ Z[x, y],
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where w(c) = #{i : ci ̸= 0} and ai = #{y ∈ C : w(y) = i}. The following MacWilliam’s identity is well
known and the proof is available from any book in coding theory.

WC⊥(x, y) =
1

|C|
WC(x+ (q − 1)y, x− y).

Using MacWilliam’s identity, we obtain the weight enumerator of C⊥ as follows.

Theorem 12.13

Let Q be the second eigenmatrix of H(n, q), then

WC⊥(x, y) =

n∑
i=0

a′ix
n−iyi,

where a′ = 1
|C|aQ = (a′0, a

′
1, . . . , a

′
n) and a = (a0, a1, . . . , an).

Proof.

WC⊥(x, y) =

n∑
i=0

a′ix
n−iyi

=
1

|C|
WC(x+ (q − 1)y, x− y)

=

n∑
ν=0

aν(x+ (q − 1)y)n−ν(x− y)ν

=
1

|C|

n∑
ν=0

aν

n−ν∑
ℓ=0

ν∑
k=0

(−1)ν−k

(
n− ν

ℓ

)(
ν

k

)
(q − 1)n−ν−ℓxℓ+kyn−ℓ−k

=
1

|C|

n∑
µ=0

n∑
ν=0

aν

µ∑
ℓ=0

(−1)ν−µ+ℓ

(
n− ν

ℓ

)(
ν

µ− ℓ

)
(q − 1)n−ν−ℓxµyn−µ

=
1

|C|

n∑
µ=0

n∑
ν=0

aν

n−µ∑
ℓ=0

(−1)n−µ−ν−ℓ

(
n− ν

ℓ

)(
ν

n− µ− ℓ

)
(q − 1)n−ν−ℓxn−µyµ

=
1

|C|

n∑
µ=0

n∑
ν=0

aν

µ∑
ℓ=0

(−1)ℓ(q − 1)µ−ℓ

(
n− ν

µ− ℓ

)(
ν

ℓ

)
xn−µyµ

=
1

|C|

n∑
µ=0

n∑
ν=0

aνQµ(ν)x
n−µyµ.

Denote by a∗
C = aCQ = (a∗0, a

∗
1, . . . , a

∗
n) the dual distribution of C. The minimum distance of C⊥ is defined

by the maximum integer t so that a∗1 = a∗2 = · · · = a∗t = 0 and a∗t+1 ̸= 0. The integer t here is called the
strength and the above condition is equivalent that C is a t-design in H(n, q). In 1973, Delsarte [Del73]
generalized this concept to any Q-polynomial association scheme.

Definition 12.14: t-designs in a Q-polynomial association scheme

Let X = (X, {Ri}0⩽i⩽d) be a Q-polynomial association scheme and Y be a non-empty subset of X. Let
a∗
Y = (a∗0, a

∗
1, . . . , a

∗
d) be the dual distribution of Y . The subset Y is called a t-design in X if a∗i = 0 for

i = 1, 2, . . . , t.

Using Theorem 12.6, we have two equivalent conditions for t-designs.
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(1) EiψY = 0 for i = 1, 2, . . . , t.

(2) BYQi = 0 for i = 1, 2, . . . , t.

More generally, we may consider any subset T ⊂ {1, 2, . . . , d}.

Definition 12.15: Designs of harmonic index T in a Q-polynomial association scheme

Let X = (X, {Ri}0⩽i⩽d) be a Q-polynomial association scheme. A non-empty subset Y ⊂ X is called a
T -design (or design of harmonic index T ) in X if a∗i = 0 for i ∈ T .

The integer t in Definition 12.14 is known as the strength of Y . Mac Williams inequality shows that the
degree s ⩾

[
t
2

]
.

Theorem 12.16

Let Y be a t-design in a Q-polynomial association scheme. Set e =
[
t
2

]
, then the following two

statements hold.

(1) |Y | ⩾ m0 +m1 + · · ·+me.

(2) If “=” holds in (1), then s = s(aY ) = e. The polynomial

Ψ∗
e(z) = v∗0(z) + v∗1(z) + · · ·+ v∗e(z)

has e zeros θ∗k corresponding to e indices k s.t. ak ̸= 0.

Note that θ∗k = Qi(k) = v∗i (θ
∗
k),where v∗i (z) is a polynomial of degree i corresponding to the Q-structure.

We shall prove this theorem later using linear programming.

Definition 12.17

Let Y be a tight 2e-design in a Q-polynomial association scheme. Then Y is called tight if |Y | =
m0 +m1 + · · ·+me.

Proof of Theorem 12.16. (1) Suppose Y is a t-design and set b = 1
|Y | = (b0, b1, . . . , bd). Then b0 = 1

|Y |a
∗
0 = 1

and bi =
1

|Y |a
∗
i ⩾ 0 for 1 ⩽ i ⩽ d. Let M = {0, t + 1, . . . , d}, then Y is a t-design if and only if b1 = b2 =

· · · = bt = 0. For each k ∈ D,

∑
i∈M

biPk(i) =

d∑
i=0

biPk(i) =

d∑
i=0

1

|Y |

d∑
ℓ=0

aℓQi(ℓ)Pk(i) =
|X|
|Y |

ak ⩾ 0. (21)

So b is a program for the Problem (P,M) and b makes g =
∑
i∈M

bi maximal. Then g = |X|
|Y | by putting k = 0

in Eq. (21). Suppose K∗
e = m0 +m1 + · · ·+me and define

βj =

(
Ψ∗

e(θ
∗
j )

K∗
e

)2

, for 0 ⩽ j ⩽ d.

Then β0 =
(

Ψ∗
e(θ

∗
0 )

K∗
e

)2
= 1, since Ψ∗

e(θ
∗
0) =

e∑
i=0

v∗i (θ0) =
e∑

i=0

mi. The polynomial of (Ψ∗
e(z))

2 is of degree, then

(Ψ∗
e(z))

2 =

2e∑
ℓ=0

c∗ℓv
∗
ℓ (z).
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For each i ∈M∗, we get ∑
j∈D

βjPj(i) =
1

(K∗
e )

2mi

∑
j∈D

(Ψ∗
e(θ

∗
j ))

2Qi(j)kj

=
1

(K∗
e )

2mi

∑
j∈D

2e∑
ℓ=0

c∗ℓQℓ(j)Qi(j)kj

=
1

(K∗
e )

2mi

2e∑
ℓ=0

c∗ℓ
∑
j∈D

Qℓ(j)Pj(i)mi.

Since e =
[
t
2

]
, if i ∈ M∗, then i ⩾ t + 1 > 2e. This implies that

∑
j∈D

βjPj(i) = 0. Therefore β =

(β0, β1, . . . , βd) is a program for the Problem (P,M)′ minimizing

γ =
∑
j∈D

βjPj(0).

Next we will prove c∗0 = K∗
e . Calculate

d∑
ℓ=0

kℓ(Ψ
∗
e(θ

∗
ℓ ))

2 in two different ways. On one hand, we have

d∑
ℓ=0

kℓ(Ψ
∗
e(θ

∗
ℓ ))

2 =

d∑
ℓ=0

kℓ

e∑
i=0

e∑
j=0

Qi(ℓ)Qj(ℓ)

=

e∑
i=0

e∑
j=0

d∑
ℓ=0

miPℓ(i)Qj(ℓ)

= |X|
e∑

i=0

mi = |X|K∗
e .

On the other hand,

d∑
ℓ=0

kℓ(Ψ
∗
e(θ

∗
ℓ ))

2 =

d∑
ℓ=0

kℓ

2e∑
j=0

c∗jQj(ℓ)

=

2e∑
j=0

c∗j

d∑
ℓ=0

Pℓ(0)Qj(ℓ) = |X|c∗0.

So c∗0 = K∗
e and

γ =
∑
j∈D

βjPj(0) =
|X|c∗0
(K∗

e )
2
=

|X|
K∗

e

.

Therefore |X|
|Y | = g ⩽ γ = |X|

K∗
e

, namely, |Y | ⩾ m0 +m1 + · · ·+me.

(2) If “=” holds in (1), then b is the maximum program for the Problem (P,M) and β is the minimum
program for the Problem (P,M)′. By Lemma 11.6, we have

βj(
∑
i∈M

biPj(i)) = 0, for j ∈ D∗.

Since
∑
i∈M

biPj(i) =
|X|
|Y |aj , for each j ∈ D∗ with aj ̸= 0, we get βj = 0, namely, Ψ∗

e(θ
∗
j ) = 0. Since Ψ∗

e(z)

is a polynomial of degree e and θ∗0 , θ
∗
1 , . . . , θ

∗
d are all distinct, we get s ⩽ e. Note that s(aY ) = s(aYQP ) =

s(a∗Y P ). By MacWilliam’s inequality, s = s(aY ) ⩾
[
t(a∗

Y )
2

]
= e. This concludes the proof.
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12.4 Strength and degree of designs in Q-polynomial association schemes
Let X = (X, {Ri}0⩽i⩽d) be a Q-polynomial association scheme and Y be a non-empty subset of X. The
strength t is the maximum positive integer such that a∗1 = a∗2 = · · · = a∗t = 0 and a∗t+1 ̸= 0. The degree s of
Y is defined by s = |{i : ai ̸= 0, 1 ⩽ i ⩽ d}|. We also call Y an s-distance set.

Theorem 12.18

Let X = (X, {Ri}0⩽i⩽d) be a Q-polynomial association scheme and Y be a non-empty subset of X with
strength t and degree s. Set e =

[
t
2

]
. Then

(1) |Y | ⩽ m0 +m1 + · · ·+ms.

(2) If “=” holds in (1), then s = e, namely, |Y | = m0 +m1 + · · ·+me.

Proof. (1) Since X is symmetric, there exists an orthogonal matrix U which simultaneously diagonalizes all
the matrices in the Bose-Mesner algebra A. Namely,

U−1EiU = diag(0, . . . , 0, 1, . . . , 1︸ ︷︷ ︸
mi

, 0, . . . , 0) := Ti.

We may assume U is a matrix whose rows and columns are indexed respectively by X and X ′ with |X| = |X ′|.
Define X ′

i = {x ∈ X : Ti(x, x) = 1}. Then |X ′
i| = mi and X ′ = X ′

0 ⊔X ′
1 ⊔ · · · ⊔X ′

d. Let Hi be the matrix
parametrized by Y ×X ′

i which is defined by

Hi(x, y) =
√
|X|U(x, y), (x, y) ∈ Y ×X ′

i.

Then H0 is the all one column of length |Y | and, for each (x, y) ∈ Y × Y , we have

(Hi Hi
t )(x, y) =

∑
z∈X′

i

Hi(x, z)Hi(y, z) = |X|
∑
z∈X′

i

U(x, z)U(y, z)

= |X|
∑
z∈X

U(x, z)Ti(x, x)U(y, z) = |X|Ei(x, y)

=

d∑
ℓ=0

Qi(ℓ)Aℓ(x, y) =

d∑
ℓ=0

v∗i (θ
∗
ℓ )Aℓ(x, y),

the last equality is obtained due to θ∗ℓ = Q1(ℓ) and Qi(ℓ) = v∗i (θ
∗
ℓ ). Since the degree of Y is s, for the inner

distribution aY = (a0, a1, . . . , ad), let {ℓ1, ℓ2, . . . , ℓs} ⊂ D∗ such that {ℓ1, ℓ2, . . . , ℓs} = {ℓ : aℓ ̸= 0, 1 ⩽ ℓ ⩽ d}.
Take M = {0, ℓ1, ℓ2, . . . , ℓs} and consider the following polynomial.

F (z) =
|Y |∏s

i=0(θ
∗
0 − θ∗ℓi)

s∏
i=0

(z − θ∗ℓi).

Then F (θ∗0) = |Y | and F (z) is a polynomial of degree s having zeros θ∗ℓ1 , θ
∗
ℓ2
, . . . , θ∗ℓs . Set

F (z) =

s∑
j=0

fjv
∗
j (z), fj ∈ R, j = 0, 1, . . . , s.

Then we have
|Y | = F (θ∗0) =

s∑
j=0

fjv
∗
j (θ

∗
0) = f0m0 + f1m1 + · · ·+ fsms. (22)

Consider the (x, y)-th entry of
∑s

j=0 fjHj Hj
t .

s∑
j=0

fj(Hj Hj
t )(x, y) =

s∑
j=0

fj

d∑
ℓ=0

v∗j (θ
∗
ℓ )Aℓ(x, y)

=

d∑
ℓ=0

s∑
j=0

fjv
∗
j (θ

∗
ℓ )Aℓ(x, y) =

d∑
ℓ=0

F (θ∗ℓ )Aℓ(x, y). (23)
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For (x, y) ∈ Y × Y , the ℓ-the term in
∑d

ℓ=0 F (θ
∗
ℓ )Aℓ(x, y) remains only these with Rℓ ∩ (Y × Y ) ̸= ∅. So, if

we assume ℓ0 = 0, then
d∑

ℓ=0

F (θ∗ℓ )Aℓ(x, y) =

s∑
i=0

F (θ∗ℓi)Aℓi(x, y)

= F (θ∗0)A0(x, y) = δx,y|Y |. (24)

We construct a matrix H of size |Y | × (m0 +m1 + · · · +me) by H = [H0,H1, . . . , Hs]. Furthermore, let Λ
be a matrix indexed by ∪s

i=0X
′
i × ∪s

i=0X
′
i such that Λ(x, x) = fi if x ∈ X ′

i. It follows from Eqs. (23) and
(24) that

HΛ Ht = |Y |I.
Then the rank of HΛ Ht is |Y |. While the rank of HΛ Ht is the sum of mi such that fi ̸= 0 for 0 ⩽ i ⩽ s, so
|Y | ⩽ m0 +m1 + · · ·+ms.

(2) Suppose “=” holds in (1), that is |Y | = m0 +m1 + · · ·+ms. Using Eq. (22),

m0 +m1 + · · ·+ms = f0m0 + f1m1 + · · ·+ fsms. (25)

Suppose H is a regular matrix, namely, H Ht = Ht H. Then Λ−1 = 1
|Y | H

t H. Moreover, Ht H is positive
definite which implies that fi > 0 for all i = 0, 1, . . . , s. In particular, f0 = 1. Next we want to show that
0 < fi ⩽ 1 for 1 ⩽ i ⩽ d. For each ℓ ∈ M∗, we have F (θ∗ℓ ) = 0. Then v∗j (θ

∗
ℓ ) = Qj(ℓ) = 0, since fj > 0 for

0 ⩽ j ⩽ s. Here we define fj = 0 for s+ 1 ⩽ j ⩽ d, so∑
j∈D

fjQj(ℓ) = 0. (26)

We shall calculate ∑
ℓ∈M

aℓQi(ℓ)
∑
j∈D

fjQj(ℓ)

in two different ways. Note that a0 = 1 and aℓ = 0 for each ℓ ∈ D∗\M . By Eq. (22) and Eq. (26), we have∑
ℓ∈M

aℓQi(ℓ)
∑
j∈D

fjQj(ℓ) = Qi(0)
∑
j∈D

fjQj(0) +
∑
ℓ∈M∗

aℓQi(ℓ)
∑
j∈D

fjQj(ℓ)

= mi

∑
j∈D

fjQj(0) = |Y |mi. (27)

On the other hand, using Theorem 3.3 (7), Proposition 3.5 (3) and Proposition 12.2, we obtain∑
ℓ∈M

aℓQi(ℓ)
∑
j∈D

fjQj(ℓ) =
∑
ℓ∈D

aℓ
∑
j∈D

fj
∑
k∈D

qkijQk(ℓ)

=
∑
k∈D

∑
j∈D

fjq
k
ij

∑
ℓ∈D

aℓQk(ℓ)

=
∑
j∈D

fjq
0
ij

∑
ℓ∈D

aℓQ0(ℓ) +
∑
k∈D∗

∑
j∈D

fjq
k
ij

∑
ℓ∈D

aℓQk(ℓ)

= fimi|Y |+
∑
k∈D∗

∑
j∈D

fjq
k
ija

∗
k. (28)

Eqs. (27) and (28) imply that
|Y |mi(1− fi) =

∑
k∈D∗

∑
j∈D

fjq
k
ija

∗
k. (29)

Since every term in the RHS of Eq. (29) is non-negative, we get 0 ⩽ fi ⩽ 1. It follows from Eq. (25) that
f0 = f1 = · · · = fs = 1. Moreover, Λ is the identity matrix which amounts to Ht H = H Ht = |Y |I, namely,

Hi
t Hj =

{
|Y |I if i = j,
0 if i ̸= j.

(30)
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Let ∥A∥2 denote the sum of all entries squared of matrix A. Then

∥ Hi
t Hj∥2 =

∑
x∈X′

i

∑
y∈X′

j

(
( Hi
t Hj)(x, y)

)2
=
∑
x∈X′

i

∑
y∈X′

j

(∑
z∈Y

Hi(z, x)Hj(z, y)

)2

=
∑
x∈X′

i

∑
y∈X′

j

(∑
z∈Y

Hi(z, x)Hj(z, y)

)(∑
w∈Y

Hi(w, x)Hj(w, y)

)

=
∑

z,w∈Y

∑
x∈X′

i

Hi(z, x)Hi(w, x)

∑
y∈X′

j

Hj(z, y)Hj(w, y)


=
∑

z,w∈Y

|X|2Ei(z, w)Ej(z, w)

= |X|
∑

z,w∈Y

|X|(Ei ◦ Ej)(z, w)

= |X|
∑

z,w∈Y

d∑
ℓ=0

qℓijEℓ(z, w) = |X|
d∑

ℓ=0

qℓij ψY
t EℓψY . (31)

It follows from Eq. (30) that for any 0 ⩽ i ̸= j ⩽ s the identity
d∑

ℓ=0

qℓij ψY
t EℓψY = 0 holds. Since qℓij are

non-negative and ψY
t EℓψY = 0 ⩾ 0, for 0 ⩽ i ̸= j ⩽ s and ℓ ∈ D, we get ψY

t EℓψY = 0. In particular,
1 ⩽ ℓ ⩽ 2s− 1 if i+ j = ℓ. While qi+j

i,j > 0, then

ψY
t EℓψY = 0, for ℓ = 1, 2, . . . , 2s− 1.

Equivalently, a∗ℓ = 0 for ℓ = 1, 2, . . . , 2s − 1. By putting i = j = s in Eqs. (30) and (31), the following
identity holds.

ms|Y |2 = ∥ Hs
t Hs∥2

= q0s,s|X|
(
ψY
t E0ψY

)
+ |X|q2ss,s

(
ψY
t E2sψY

)
= ms|Y |2 + |X|q2ss,s

(
ψY
t E2sψY

)
.

However q2ss,s > 0 since X is a Q-polynomial association scheme, then ψY
t E2sψY = 0. Finally, if 1 ⩽ ℓ ⩽ 2s,

then EℓψY = 0 which implies that 2s ⩽ t. Wile s ⩾
[
t
2

]
by MacWilliam’s inequality, so s =

[
t
2

]
= e.

13 Classical t-designs and designs in Johnson association schemes
It is known that Johnson association schemes J(v, k) are P- and Q-polynomial association schemes. In
this section we will discuss the classical t-(v, k, λ) designs which are equivalent to t-designs in J(v, k) for
Q-structure.

Definition 13.1: Classical t-designs

Let v, k, λ be positive integers such that 1 ⩽ k ⩽ v. Let V be a finite set (as points set) of cardinality
v and B ⊂

(
V
k

)
, the collection of some k-subsets of V which is called block set. The pair (V,B) is

called a t-(v, k, λ) design if for each T ⊂
(
V
t

)
the following condition holds.

|{B ∈ B : T ⊂ B}| = λ > 0,

where λ is a constant which does not depend on the choice of T .
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Proposition 13.2

If (V,B) is a t-(v, k, λ) design, then, for 0 ⩽ s ⩽ t, it must be an s-(v, k, λs) design with

λs =

(
v − s

t− s

)/(
k − s

t− s

)
λ.

In particular, |B| = λ0 =
(
v
t

)/(
k
t

)
λ.

Proof. For each S ∈
(
V
s

)
with 0 ⩽ s ⩽ t, define

λ(S) := #{B ∈ B : T ⊂ B}.

Calculating the number of paris of (T,B) ∈
(
V
t

)
×
(
V
k

)
such that S ⊆ T ⊆ B in two ways, we get

λ(S)

(
k − s

t− s

)
=

(
v − s

t− s

)
λ.

In the following, we use Y instead of (V,B) to denote a non-empty subset of
(
V
k

)
. Next we will prove the

equivalence between t-(v, k, λ) designs and t-designs in J(v, k).

Theorem 13.3

Let J(v, k) = (X, {Ri}0⩽i⩽k be Johnson association scheme and Y be a non-empty subset of X. Then
Y is a t-(v, k, λ) design if and only if it is a t-design in J(v, k) for Q-structure in the sense of Delsarte
(given in Definition 12.14).

Proof. Suppose Y is a t-(v, k, λ) design. Construct a matrix indexed by X ×
(
V
i

)
as follows:

Mi(x, ξ) =

{
1 if ξ ⊂ x;
0 otherwise.

By Proposition 13.2, for 0 ⩽ i ⩽ t, we have

λi =

(
v−i
t−i

)(
k−i
t−i

)λ = |Y |
(
v−i
k−i

)(
v
k

) =
|Y |
|X|

(
v − i

k − i

)
.

The characteristic vector of X and Y are respectively denoted by ψX and ψY . Then for each ξ ∈
(
V
i

)
, the

following identity holds.

( Mi
t ψY )(ξ) =

∑
x∈X

Mi(x, ξ)ψY (x) =
∑
y∈Y

Mi(y, ξ) = #{y ∈ Y : ξ ⊂ y} = λi.

On the other hand,

( Mi
t ψX)(ξ) =

∑
x∈X

Mi(x, ξ) = #{x ∈ X : ξ ⊂ x} =

(
v − i

k − i

)
.

Therefore Mi
t ψY = |Y |

|X| Mi
t ψX . Please recall the following matrix Ci defined in Eq. (8).

Ci :=

k∑
ℓ=i

(
ℓ

i

)
Ak−i
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It is proved in Proposition 8.6 that Ci = Mi Mi
t . So for each i with 0 ⩽ i ⩽ t, it is true that CiψY =

|Y |
|X|CiψX . We have also mentioned in Proposition 8.4 that ⟨C0, C1, . . . , Cr⟩ = ⟨E0, E1, . . . , Er⟩ for each
r ∈ D = {0, 1, . . . , k}. Then we regard J(v, k) as a O-polynomial association scheme w.r.t. the ordering of
E0, E1, . . . , Ek. So EiψY = |Y |

|X|EiψX for i = 0, 1, . . . , t. In fact, if 1 ⩽ i ⩽ t, then EiψX = 0 since ψX is
the all one column vector and EiE0 = 0. So Y is a t-design in J(v, k) for Q-structure in the sense of Delsarte.

Conversely, let Y be a t-design in J(v, k) for Q-structure. We can assume that EiψY = |Y |
|X|EiψX for

0 ⩽ i ⩽ t. In fact, if i ̸= 0, then EiψY = 0 and E0ψY = |Y |
|X|ψX = |Y |

|X|ψX = |Y |
|X|E0ψX . From the above

discussion, we have Mi Mi
t ψY = |Y |

|X|Mi Mi
t ψX , i.e.,

(Mi Mi
t )

(
ψY − |Y |

|X|
Mi Mi

t ψX

)
= 0.

Equivalently, for i = 0, 1, . . . , t, it is true that

Mi
t ψY =

|Y |
|X|

Mi
t ψX .

Note that ( Mi
t ψY )(ξ) = #{y ∈ Y : ξ ⊂ y} and ( Mi

t ψX)(ξ) = #{x ∈ X : ξ ⊂ x} =
(
v−i
k−i

)
, then

λi = ( Mi
t ψY )(ξ) =

|Y |
|X|

(
v − i

k − i

)
= |Y |

(
v−i
k−i

)(
v
k

)
which means that Y is a i-(v, k, λi) design for i = 0, 1, . . . , t.

Similarly we can consider t-designs in Hamming association schemes H(d, q). This concept is equivalent
to so-called orthogonal array of strength t which was introduced by Rao [RR47] in 1947.

Definition 13.4: Orthogonal array

Let F be a finite set of cardinality q and set X = F d. A non-empty subset Y ⊂ X is called an
orthogonal array of strength (at least) t if for each z = (z1, z2, . . . , zd) ∈ X and a given set L =
{ℓ1, ℓ2, . . . , ℓt} the following identity holds.

|{y = (y1, y2, . . . , yd) ∈ Y : yℓ = zℓ, ℓ ∈ L}| = λ > 0,

where λ is determined by t not depending on the choice of z and L.

14 Perfect e-codes and tight 2e-designs
In this section, we will summarize the current results on the classification problem of perfect e-codes and
tight 2e-designs in H(d, q) and J(v, k).

14.1 Classification of perfect e-codes in H(d, q)

Perfect e-codes in H(d, q) are very rare.

Example 14.1

(1) If e ⩾ d, then |Y | = 1 as trivial example.

(2) For any e ∈ Z+, then |Y | = 2 and Y is a d-cube for d = 2e+ 1 which is almost trivial.

(3) e = 3, d = 23, q = 2: binary Golay code with |Y | = 223.

(4) e = 2, d = 11, q = 3: ternary Golay code with |Y | = 36.
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History of the study of perfect e-codes in H(d, q).

(1) Tietäväinen-Perko [TP71] classified the perfect e-codes in H(n, 2) for each fixed e.

Theorem 14.2

Perfect e-codes are either trivial, Hamming codes of length d = 2r−1 and error radius e = 1, or
the single Golay code with d = 23 and e = 3.

(2) A long-standing conjecture was that there are no other linear or nonlinear perfect e-codes over any
finite field. Van Lint [vL71] showed that this is true if e ⩾ 3 and q = pr with prime p > e and e ⩽ 7.

(3) Tietäväinen [Tie73] proved there are no unknown perfect e-codes over finite fields for each fixed e. This
argument mainly used Lloyd’s polynomial and the condition

∑e
i=0

(
n
i

)
| 2e.

(4) Bannai [Ban77] proved that for each integer e ⩾ 3, there are at most finitely many perfect e-codes in
H(d, q) if d > e and q > 2. He made use of Lloyd theorem but this proof cannot be applied for e = 2.

(5) Best [Bes83] classified perfect e-codes in H(d, q) for e ⩾ 3 and arbitrary q except e = 6 and e = 8.

(6) Hong [Hon84] proved that there is no non-trivial perfect e-codes in the H(d, q) for e = 6 or 8 and
arbitrary q. Moreover, he [Hon86] proved the non-existence of unknown perfect e-code for e ⩾ 3 and
q ⩾ 3 based on the so-called sphere packing condition and the integrality of the zeros of the Lloyd
polynomial given by Bannai [Ban77]. It follows that tight 2e-designs in the H(n, q), i.e., orthogonal
arrays of strength 2e that achieve the Rao bound, do not exist for e ⩾ 3 and q ⩾ 3.

(7) The classification problem is open only for e = 1 and e = 2.

(a) Tietäväinen (1977) [Tie77] proved that there are no non-trivial perfect e-codes in H(d, q) in the
case that e ⩾ 3 and q = pr11 p

r2
2 , where p1 and p2 are distinct primes, and r1 and r1 are positive

integers.
(b) Laakso [Laa79] extended this non-existence result to the case for q = pr11 p

r2
2 p

r3
3 .

No non-trivial examples of perfect e-codes in J(v, k) are known at all.

14.2 Classification of tight 2e-designs in J(v, k)

The classification problem of tight 2e-designs in J(v, k) is as follows.

(1) If e = 1, there are many examples (i.e., symmetric 2-designs) and the classification seems to be hopeless.

(2) For e = 2, Ito [Ito75] proved that there are exactly two such designs, i.e., the 4-(23, 7, 1) design and
the 4-(23, 16, 52) design.

(3) Peterson [Pet77] proved the non-existence of tight 6-designs.

(4) Xiang [Xiaed] proved the non-existence of tight 8-designs.

(5) For each fixed e ⩾ 5, Bannai [Ban77] showed that there are only finitely many tight 2e-designs.
Furthermore, Dukes–Short-Gershman [DSG13] showed the non-existence of tight 2e-designs for 5 ⩽
e ⩽ 9.

(6) It seems that the complete classification for e ⩾ 10 is still open.
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character table, 45

Krein condition, 19

Linear programming
max program, 55
min program, 55

program, 55
feasible, 55

linear programming, 54
Lloyd Theorem, 61

Mac Williams inequality, 60

orthogonal relation, 14
first orthogonal relation, 14
second orthogonal relation, 14

P-polynomial association scheme, 39
perfect e-code, 61
primary T -module, 24
principal T -module, 24

Q-polynomial association scheme, 41
T -design, 65

tight, 65
t-design, 64
design of harmonic index T , 65

relation, 2
valency, 9

representation graph, 31

Shrikhande graph, 6
spherical embedding, 47
spherical representation, 47

(i, j)-balanced, 48
balanced, 48
dual balanced, 53
non-degenerate, 48

standard basis, 24
dual standard basis, 24

subset of an association scheme, 57, 67
characteristic vector, 57
degree, 60, 67
dual degree, 60
dual distribution, 57, 64
dual minimum distance, 60
inner distribution, 57
minimum distance, 60
orthogonal array, 71
outer distribution, 57
strength, 60, 67

Terwilliger algebra, 22
base point, 22
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